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Abstract

We develop a game theoretic model of 2 candidate competition
over a multidimensional policy space, where the participants have
incomplete information about the preferences and strategy choices of
other participants. The players consist of the voters and the
candidates. Voters are partitioned into two classes, depending on the
information they observe. Informed voters observe candidate strategy
choices while uninformed voters do not. A1l players (voters and
candidates alike) observe contemporaneous poll data broken down by
various subgroups of the population.

The main results of the paper give conditions on the number
and distribution of the informed and uninformed voters which are
sufficient to guarantee that any equilibrium (or voter equilibrium)

extracts all information.

Introduction

We develop a game theoretic model of 2 candidate competition
over a multidimensional policy space, where the participants have
incomplete information about the preferences and strategy choices of
other participants. The players consist of the voters and the
candidates. Voters are partitioned into two classes, depending on the
information they observe. Informed voters observe candidate strategy
choices while uninformed voters do not. All players, voters and
candidates alike, observe contemporaneous poll data broken down by
various subgroups of the population. Also, all players have some

basic knowledge about the structure of the electorate.

Each participant has beliefs about the parameters he does not
observe. I.e. uninformed voters have beliefs abont the candidate
strategy choices, and candidates have beliefs about which voters are
“informed.” They then each choose a strategy conditional on their
beliefs. A voter strategy is a choice of a candidate to vote for, and
a candidate strategy is a choice of a policy position in the
multidimensional policy space.

We define a set of strategies together with a set of beliefs
to be in equilibrium if it satisfies two conditions: First, all
participants are maximizing their payoff subject to their beliefs.
Second, all participants must have beliefs which are consistent with
the information they observe. A situation in which the voters are in
equilibrium, but the candidates are not is referred to as a voter

equilibrium. An equilibrium (or voter equilibrium) is said to extract



all information if all players behave as if they have complete
information.

The main results of the paper give conditions on the number
end distribution of the informed and uninformed voters which are
sufficient to guarantee that any equilibrium (or voter equilibrium)
extracts all information.

This paper is related to but makes somewhat different
assumptions than a previous paper of ours [1982] which develops a
similar model in one dimension. In our previous paper, we assumed
that voters observed both endorsement information as well as poll
data. Here the voter only sees poll data, but the poll data must be
broken down by subgroups in order to provide the voter with enough
information to draw inferences about candidate positions. Also, our
previous paper did not requite the voters or candidates to have as
much structural information about the electorate as we require here.
Here, we require the voters to have some knowledge of the distribution
of preferences in each subgroup of the population. An assumption of

this sort seems to be necessary for the multidimensional extension.

2. The Formal Development

lWe sre given a set, N, of yoters, a set X = R™ of
alternativesg, and for each voter, a ¢ N, » ntjlity fenction,
un:x ~» B representing voter a's preferences. We assume that the
populntion, N, of voters can be partitioned into two subgroups, I and
U, representing the jnformed and gnipformed voters, respectively., We
forther assume that t subpopulations, Nl'NZ""’Ni of N csn be
identified, These can be thought of as ethnic, or other socio—
economic subdivisions of N, Note that the Ni need not necessarily be
e partition of N, por need any two Ni necessarily be disjoint., VWe let
g be & meascre on the measvrable subsets, N of N, and, for ecach i, let
By be the probability messure indooed on the measurable subsets of N,
conditional on being in Ni' Thus for any C & H.pltc)
= ulN, ¥ ) /u(N,).

In addition to the voters, we assume there are two gandidstes.
labeled 1 and 2 , and we let K = (1,2} be the set of candidates., If
k ¢ £ is & candidate, we use the notation k to represent the other
candidate, i.e., (k} =K - {k}.

Wo now define & game, in which the players are the voters, N,
together with the candidetes, K. The stratogy spaceg for s voter
¢ ¢ N and candidate X ¢ & are denoted Bu and sk respactively. The

strategy spaces are defined as follows



Voter Strategy Space: B =E U {0].
(2.1)

Candidate Strategy Space: Sk = X,

We let B denote the set of functions from N into KU {0}, and
5 denote the set of functions from K to X. Elemonts of B are denoted
b, with be) ¢ Ba representing the choice of strategy by voter a.
Elements of § are denoted s, with s(k) e Sk representing the choice of
strategy. Alternatively, wo also write bu for b(a) and L% for s{k).
We call bu voter a's ballot, and sy candidate k's policy position. We
let f = § X B, and an element w = (s,b) ¢ O represents s choice of
strategies by all players.

Given a choice of strategies, say @ = (5,b) by sll players, we
can compute a poll ogtcome and the ogtcome function., For each

1 {1¢t, and k ¢« KU {0), we define

Vv (s,b) = (asNlb =k} (2.2)
Vt(l.b) = p(Vk(s.b)) (2.3

and
pik(‘ab) = ui(vk("b)) (2.4)

So Vk(s.b) represents the set of voters voting for candidate k (or
abstaining {f k = 0}, vt(s,b) is the total vote for candidate k and
plk(s.b)-tepresents the poll result in growp i (i.e., the proportion

of group i voting for candidate k). For esch i, we use the notstion

vis,b) = (v (s.b),v (5,b),v,(s,B)) (2.5)
and
pi(s.b) = (pio(:.b),pil(s.b).piz(l,b)) (2.6)
We alzo write
p{s,b} = (plts.b).....pt(s.b)) 2.1

2
Weo let A = {q = (qo.ql.q2) & Ba|): 9 = 1.111 2 0 a1l i} to be the
=0 -

pnit simplex in la. Clearly, for a1l (s5,b) & L, pi(s.b) s A, and
pls.b) & A, We let r = (rl.....rt) e Rt. with r, > 0 for all i.

(For exzample, we conld define - "(Ni) for each i.) Then for any

pl,p2 ¢ A, we define |lp! - pzll = Py Ip1 - pzl. wheze
t 4 i'*i i

1 2 2
|pi - ’.{‘ = kzlh:v:]L - pnl. We next define the optcome fmmetion by

1 if v1(s.b) > vz(s.b)
ki(s,b) = 2 if vz(n.b) b vl(s,b) (2.9}

0 otherwise.

So k(s,b) represents the winning candidate, given the choice of
strategies (s,.b) by all players,

With these definitions, we can now define the payoff function
to the game. We write Hc(s.b) and Hk(s.b) for the payoff funotion for
s voter a ¢ N and a candidate, k ¢ K, and they are defined by;

for all a 2 N,



BoGsub) = o (o0 4y)r (2.10)

1 1
where we define nu('D) = Eua('l) + E“c(‘z)' For k ¢ K,

1 if k(s,b} =k

N (s,6) = -1 if k(s,b) = x (2.11)
0 otherwise

In addition to the above more or less standard structuore, we

assume that each actor bas beliefs sbhout certein parameters of the

game. The beljef sppce for voter a is denoted §°. and that for

candidate k is denoted Ct. ¥Weo assume the belief spaces sre given by:

Voter Belief Space: Eu e iz

(2.12)

Candidate Belief Space: CX « N

Here iz is the set of probability measures over 2= XXX, We let E

denote the set of functions from N into EZ and C the set of functions

from K into N. Elements of ﬁ are denoted :. with :a being used to
represent :(u). for a ¢ N. Similarly, elements of C are denoted C,
with CF repreventing €(x), for k ¢ N. So Pl ;2‘ and cE ¢ N. We can

think of :q as being o probhability measure representing voter a's

belief of the probable location of the candidate positions,

s = (ll.lz). We use the notaticn supp(:q) to represent the support

set of the moasure :“. On the other hand, Ck represents candidate k's

belief about the subset C1 T N of voters who are "ooncerned” — i.e.,

who know the candidate positions., We let A =C X 5.
Before we define the noticn of equilibrium used here, we

develop some further notation, For any 2 ¢ 5, and k 8 K, we write

G;(s) =flace Nlna(lk) > s (sg))
snd {2.13)

%;(s) = {a e Nlnu(ll) = uc(s;)l.

A .
So Vk(l) i3 the set of voters who prefer the policy position of
- A
candidate k over that of k, while Vo(s) is the set of votors who are

indifferent between the two candidates.

Next, given any measurable C O N, we define,

for all kx ¢ E U {0},

A
kiface Vk(s) and ifa e C

A
b,10 = 5 e ey

and

(2.14)

A
pi(Vk(s) NC) if xs K

Py (sl0) = p G 8G0en =, (2.15)
Fi(vk(l) nc « "i(N -C) if k=0

We write pi(le) - (pio(s|C), pil(slc).nlz(l|0)), and

A r.3 N N
pisie) = (pl(-!C),....pt(sIC)). Given any sot C G N, h“(sIC) is the



bellot that would result if mll voters in € voted correctly, and all
those in N — C abstained. Wo call the set C the set of goncermed
»oters, So, ;j(s|C} is the predicted poll in groop i when the voters
behave according to g(;IC).

Now, for any a,s' & § we define an equivalence relation :lon 5

as follows:

N
I RURER AT ="v‘k(.') for all k & KU [0}. (2.16)

For any subset AC 8, we write A2 5' (=) s = &' for all s 2 A, We

-

let §9 S S be a subspuce of § vwhich contains exactly one

represcatative of each equivalence class. And finally, for any

0

p ¢ 4%, ve dofine 5%(p) € 50 by
0 A 3
5°(p) = arg min Il p - p(s"lmllt (2.17)
solﬂo

0
508 (p} is the set of AL 8 which give the best fit of the actual to

the predicted poll based on lo.

Definition 2.1: An eguilibriwe is a pair (a,n), where w = (s5,b) s Q1

and o = (€C.s) ¢ A satisfy

Yoters: For all a e N,

Vi: b_ e arg max E[c_ (s )],
@ b, ° ®a

where the expoectation is with respect to :a.
V2: eI =) supp(s®) = {s],

at U= supp(s?) = s® for soma 5% & §2(p(s.b)}

Candidates: For all k s K,

~ k
e arg max Ht(s.b(t|c N
;kask

Cl: LY

A
c2: e srg min [Hp(s,b) - p(tlclllr]
CEN

The equilibrium conditions require that all players maximize
their expected payoff subject to their beliefs (Conditions V1 and Cl1).
Further, the beliefs which the plsyers hold must bo ss consistent as
possible with the information they observe {Conditions V2 and C2). We
slso define a "partisl equilbrium,” or “voter cquilibrium,” in which
the voters are in equilibrium, but the candidates are not. This type
of cquilibrium is useful in describing what might occur if there are

oxogenous constraints on candidate positions.

Definition 2.2 A yoter egujlibrinm, conditional on 3 ¢ 5, is a pair

(b,%), where b ¢ B and s¢e8 satisfy

Vi: ba E arg bna: E[uu(‘b )},
C.Bd e
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where the expectation is with respect to st

V2: ael = nnpp{:n) = {s)

-

aeU <> sapp{s™) = &® for some s & §(p(s,b))

L)

3, Interpretstion

The formulation of the previcns section makes certain implicit
aussumptions sbout what information each participant observes, and
sbout what eachk participant knows about the anderlying structure of
the game, We discues thesc aszsumptions in more detail before

proceeding.

The Ipformation Assumptjons

Cuor definitjon of equilibrivm assumes that each pnrticip;ni
observes certain contemporaneous data on the strategy choices of other
participants, Candidates and informed voters observe the candidate
posltions, s, as well as the poll results, p(s.,b). However,
uninformed voters do not observe candidate positions, They only
observe poll results,

In addition to this contemporsanecus information about player
strategies which they directly observe, all actors are assumed to have
some basic knowledge sbout the preferences and likely behavior of
other participants. Tﬁia underlying structural information is
captured in their knowledge of the function ;(:IC). which is a

reconstruction of the likely voting behavior thet will result when the

11

candidate pogitions are given by &, and the set of concerned voters is
C. Note, however, that the voters need only know ;(:'N). while the
candidates heve the more particularistic kmowledge of ;(;Ic) for any
measurable C & N.

The information which ix sssumed of each participant is
summarized in the following table. For the case when preferences are
in the class of "intermediate preferences,”™ we show later that the
struoctural information which is generated by 3‘1. eqnivalent to the
players having certain knowledge about the distribution of voter
characteristics in each group Ni' This equivalent structural
information is given in the last column of the table (the messure pf

will be defined later).

Equivalent Structural

Contemporaneous Structural Informaticn for
Information Information Intermedinte Preferences
Candidates s,pls,b) ;(‘l‘) Hi,pf. 1¢igt
Informed Voters®* s,p{s,b) ’ ;('lN) LT N5 98 f * B
Daninformed Voters p(s,b) ;('lN) #yol £i4t

®Actually the only information which is required of the informed
voters by the equilibrium definition is s. Since it does not make
sense to assume that they have less information available to them than
the wninformed voters, xe sssume that informed voters also have
information oo p(s,b), p(s|N), and #;» but chose to ignore it because
of the precedence of .
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Equilibriom Condjition

We next justify each of the four Equilibriom comditions. We

consider first the voters, then the candidates.

Yoters

For a standard Bayesian equilibrium, each voter would try to
maximize his expected payoff, given his besliefs abont the strategies

of the other players. Thus, applying (2.10), voter o &t N should solve

max E[“u(‘k(s,b))] (3.1)
b eB
a a
where the oxpectation is taken with respect to a’s belief of (s,b).

However, since the ballot aggregation procedure (i.e., majority rule)

is positively responsive, given any beliefs 2 of the candidate
posltions, voter o has & dominent strategy regardless of the value of
b. Namely, voting for the candidate with the highest expocted utility
can never hurt that candidate and might sometimes help. In this
analysis, we sassume that voters adopt this dominant strategy. Thus,
we can dispense with voter beliefs about b, and assume that voter a

will choose bu to

max Elu (s_ )] (3.2)
b_eB L
e a

where the expectation is now with respect to the .voter’s belief

13

3% of s. This is exactly statement (V1) of Definition 2.1.

Note that by assuming (3.2) directly instead of (3.1), we
svoid one difficulty for the infinite voter case: If N is infinite,
no one voter has any impact on the ontcome, so ppy strategy is squally
good if we sassume (3.1), By essuming (3.2) instoud, we insure that
even in the infinite voter case, voters will vote for the candidste
whose policy position gives them the highest utility.

Our definition of equilibriuom requires mot only that voters
maximize expocted ntility (V1) with ta;pect to their beliefs, but also
that their beliefs be consistent with the information they cobserve
{Vl). Hore, we must differentiste between the informed and uninformed

voters.

Informed Yoters

Informed voters have perfect information. T.e., given s ¢ §

and a ¢ I, for :n to be in equilibrium, V2 must hold:

supp(s%) = (s}, (3.3)

So &n informed voter’s beliefs of candidate positions must coincide

with what the candidates sctually decide to do.

Dninformed Votess

An uninformed voter also has a belief, ;a of =.
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However, the nninformed voter does not observe the candidate
positions, rather he only cbserves agpregate data, namely the poll
data p{s,b). Requirement (V2) for the uninformed voter a ¢ U states

that

snpp(:a) bl ‘0 for some s° & §o(p(3.b)) (3.4)

where

§P(p(s.b}) = arg min !l pls,b) - ;(solN)|l (3.5)
socﬁo

Thus the uvainformed voter uvses the poll data to inform his bellef, :a,
of candidate positions in such s way as to make his predicted poll
ontcome corrqspond 88 closely as possible with the observed poll
outcomes. According to (3.4) and (3.5), the uninformed voter nses his
structural information of the rest of the eleotorate to infer that the
poll result which will cocor given a choice s &8 8 of candidate
strategies is ?(slN). I.e., he assumes that all other voters who are
voting are perfectly informed and vote rationally. Using (2.15), we

can write, for k e KU {0}, 1 {1 ¢ t,

A A
pik(slN) = “i(vl('))' (3.6)

There are severasl things to mote about the mbove expressiosms
for (V2). First, note that the form of the objective functiom is

consistent with the view that esch voter believes that as few other

15

voters are making errors as possible. Second, in light of (3.6}, the
structural information necessary for the uninformed voter to be able
to solve (3.5), is simply that he know By for 1 {1 { t. Next, note
that the model used by the uninformed voter for predicting poll
outcomes is gnite simple., Namely, given any candidate poiitions

s' g §, the voter assumes that the sovpporting coalitions for
candidates k end k £ K are described by the sets of voters who, under

full information, would prefer s’ or 7', respectively.

The candidates will choose policy positions to maximize their
expectation of winning the election, subject to the beliefs they have
about the voter utility functions, e&nd hence about the voting behavior
of the electorate. These boeliefs, summarized by thelr belief, Ck. of
the “"concernod electorate,” must be comsistent with the information
they have about p(s,b). Now for s standard Bayesian equilibrium,

candidate k ¢ K should choose BL® X to solve

max E[lt(l.b)] 3.7
Bksx

where the expectation is taken over his belief of b and of s for

% s £ - {x}., However, hare we assume that candidate k knows 5 and

we require that for any s ¢ 5, and belief Ck C N, candidate k assumes
A
that b is gemerated according to b(s|Ck). It follows that "k can be

— and Ck.

written as a function only of 5%y
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4, Results: Voter Bgunilibria

¥e now comsider the existence and properties of equilibria in
the model developed in the previcus two sections, Specificelly, we

are concerned with conditions under which the equilibriom to the model

corresponds to the behavior which would occur vnder full information.

In this sitoation, we will say that the equilibriam extracts all
available information, We comsider first only voter equilibrias, given

fixed positions of the candidates:

Definition 4,1 A voter equilibrium (b.:) st BX g. conditional on s ¢ §

iz said to extract a]ll avajlable informetjon iff, for.all

as N, keK,

A
a8 Vk(s) =) bq =k (4.1}

Thus, » voéer eqoilibriom extracts all available information
iff all voters, informed and uninformed alike, vote for the candidate
they would prefer if they hed full information,

We start with a couple of simple Lemmas cheracterizing
individual voting behavior in any voter equilibrjum {independent of

whether it extracts information). ¢

Lemma 4.1 Gjiven fized candidate strategies l‘ s 5, with s: ¥ s:. if
k

(b.:) e BX E is & voter equilibriuvm, conditional on s‘, and

[ -
p = pls ,b), Then for k ¢ E,

17

a) for all a e I
A .
os Vk(l y = ba =k
a 0, »
b) for alt e ¢ U, &" &« §(p ) such that
¥ (Y
a2 Vk ] =) ba = k,
Proof For all voters, we have, from (V1) that
bu ¢t arg max E[“c('b ]| (4.2)
b eB e
a o
where the expectation is with respect to ;a. But by (V2}, for
a ¢ I, supp (s%) = {s']. Hence, we must have

.
(s, ). (4.3)
buaBG e bu

bu ¢ arg @mAxI u

~ .
So, a e Vk(s.) =) uu(s;) > na(‘;) =) bu = k, which proves part {a).
For o ¢ U, on the other hand, we have that supp(:n) - s® for some

s% e §9(p.). But then, for all s & supp (:“). we have s = s, or

?k(-) =?k(."). Honce, uc(.:) > nn(;;) (=) a e ?k(.")

A ~
(=) ae Vk(s) {=) uu(sk) ¥ nc(si) for a1l s = supp(s™). So

arg max Elu {s_ }] = arg max [u_(s" }]. (4.4}
b _eB @ bu b B ¢ bu
e a ™
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sud hence a & V % = o (xk) > (s Y = b =k

Q.E.D.

So, in short, in equilibrium, the informed voters will always
vote correctly, while the uninformed voters will each vote according
to an idiosyncratic, normalized, nonstochastic representative of their
private beliefs, Each of these idicsyncratic private boliefs, of

course, must be as consistent as possible with the observed poll.

Yhen §°(p‘) is single valued, then it follows that sll uninformed
voters will vote according to the game (although possibly imcorrect)
a L ]
belief s of 3 .
Next, for any messureable E L N, we define the conditiocmal

probability messure uf by

w)=hgnC)=uﬂnanc1
By k(B u(N, i B)

(4.5)

Setting t{ = "i(I) and tf = pi(ﬂ). it follows that (since I and U

partition N) for all 1 i { t

I1I oo
(PRI Y + ti"i (4.6)

1 u
where ti + t1

= tlul(c) + tH(C). Forasy s 6§, 11t andk e X0, wo define

= 1, (In other words, for all measnreable C £ X, pi(C)

Tyle) = pi(V (s)) (4.7

19
As usual, we write aftn) (qio(s). qil(s). qiz('))"“d :E(s)
-~
= (af(n),....;f(s)).We also write qlk(') - qlk(')‘qi(" = :T(s) and
2As) = e (4.8)
Clearly, with the above notatiom, we bave
as) = Dtslny (4.9)
Given any fized cendidate position s. e 8§, we can define o
correspondsence, T:At ->-D At by setting
t < ] ‘
T(p) = Colp' ¢ A"} for aome s® £ § (p). P lqi(. ) (4.10)

iqi(tu) for all 1 ¢ § £ t).

So T{p) is the set of polls that could result if all voters vote
optimally according to their beliefs, generated by s, and their

beliefs are consistent with the information p. (see Lemms 4£.1).

Lemma 4.2 Given fized candidate strategies s s 8, with s ¢ l . if
k

-~ -~ .
(b,s) e BX 8 is a voter equilibrium, conditional on s , &nd

p. = p(:..b), then we pust have p. - T(p.).
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Proof: Follows iwmmedistely from Lemma 4.1 together with the

definition (4.10).

Q.E.D.

I.s., for any equilibrium (b,:), p= p(:.,b) must be a fixed point for
the correspondence, T. The correspondence T, oan also be thought of
as & dynamic doicribing the gonvergence of the modol to equilbriom,
This will be elaborated on later.

Next, we define a notion of consistency of poll ontcomes:

Pefinition 4,2 A poll p = at is said to be gconsjistent for CZ N if 3

s ¢ 5 snch that

p= :F(s) (4.11)

If p is consistent for N, we say it is gonsistent.

Thus, the poll is consistent for C if the poll rosulti
restricted to C could have been genorated by some pair of cendidate
positions with all voters in C voting as if they had complete
information, For sll of our results, we noeed an assumptionm on

consistent polls which requires that each consistent poll be generated

by a unique s & 59.

Assumption 4,1 If p e At is consistent for C, where C is either N, I,

or U, and s,8' & S satisfy p = ac(l) = QC(-'). then s 3 s*.

21

Our next Lemma proves the existence of equilibria that extract
all information and shows that if the poll resulting from & voter
equilibrivm is consistent, then the equilibrium must extract all
svallable information. Thus, the only equilibria of the model cccur
either when all voters vote correctly or when the resulting poll is

inconsigtent,
. [ E
Lemma 4.3 Given fixed candidate sirategies s & §, with 5y ¢ e

there exists a voter egnilibrium thet extracts all informsation.

Further, under Assumption 4.1, any voter eguilibrium (b,:) based on s.

.
for which p(b,s ) is consistent extracts all information.

Proof: For existence, define (b.:) by, for e s N, X s L U [0},

. .
bu =k if a ¢ Vk(sl (4,12)
sopp(s® = (s°} (4.13)
[ A » ) FY [} N
From (21.4), Pik(l b)Y = nl(vk(s )) = qik(‘)' so p{s ,b) is consistent.
But then from (4.9), it follows that 3‘(|.|N) = pi(s.,b) for all i.

So pick e §° with ¢° bt s.. Then .0 [ Sp(p(s..b)). Honce (V2) is

satisfied for all a & N {since it is satisfiled trivally for a e I,) so

(b,:) 1s a voter equilibrium, Clearly, by (4.12), (b.:) extracts all

information.
Now let (b,:) be a voter eguilibrium based on l.. and write

* 0 ~
p=pls ,b). Then if p i» consistent, § ¢’ ¢ § with p = qls"). So
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clearly s’ & Ep(p). Further, by assumptiom 4.1, it follows that any
other elemeat of ﬁo(p) must have 8 =~ 5'. Honce §°(p) is single

o A
valued, snd wo let s ¢ £ (p). Then we bave p = q{s’). Further by

Lemma 4.2, we mwust have p ¢ T{p). DBut since §°(p) is single valuned,

this means that

DAU'

»
p; = pyls ,b) = thi(s ) o+ £y 1(l')
= 1e]ats™) - elgl e
+ teldtany + TN
I AT, o AT, ,
- ti[q’(s ) - qi(l )] +'qi(' } (4.14)

A
But, since p is consistent, it follows that p = g(s'), or
» A
equivelently, for all 1 ( i { t, that P = pi(s ) = qi(s').
Therefore, egquation (4.14) implies that for all 1 { 1 £ ¢,
q}(g.) = q{(l'). Now, by Assumption 4.1, we have s. ~ 8!, s0
A a A
Vk(: ) = Vk(s') for 811 Xk ¢ K U {0}). Hence, for a ¢ U, we have bu = k

A
if a ¢ Vk(s.). and the result is proven.

Q.E.D.
The above lemma does mot rule out the possibility of
equilibrin which do mot extract all information, since it is quite
possible for inconsistent polls to be in equilibrium. We introduce »

further assumption on the distribation of the voters.
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Assumption 4.2 (Idontical Distributions) For all s ¢ §,

T =0 =90

¥e prove that under Assumption Al, if there are more informed

than uninformed voters, there is always an eqnilibrium.

Theorem 1 If Assumptions 4.1 and 4.2 ere met and By (0} < 1/2 for a1l

i, then for any fixed candidaste strategiles s. e S with 5y ¥+ L then

if (b,s) is 8 voter equilibrium, it extracts all information.

Proof: Lot (b,s) be a voter equilibrium, with corresponding poll

. -~ ’
pls ,b) =p = (PI.....pt). Since (b,s) is an equilibrium we wust have

p 8 T(p). So we cafi write, for 1 { i { t

.
u A
LI ‘1“1" %)+ '1);-1'1‘11(' )
L ]
t 3.0
for some ¥yrewaw o 8 B owith "= 1 and s¥ 2 5 (p). We let
t =]
*

t = max

A
* Then, 1f lip - q(:‘)“r ¢ 0, wo get
1 {14t

v
1

A
Iy - 36N, = L oyl - 000,
%1

- T . u ) N [ ]
)flti|t1qi(| )+ ti[}f 'jqi('j)] - qi(s ]|

r it ll}f Jql(‘ )] - qi(l )|
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A [
= ); £ty I[jfl' (qi(s Y -p)) 4 (e, - qls nl
-
£ 221r1t [)f w |qi(s ) - pl| + lpi i(: 1))
.
= [J'l‘jﬁ Iqi(s ) - p ¢ [ﬁ T, iIpi 1" 1)
£ )fvt)ftfqi(:l pil]-t[t):tfpl (:)il
- j)f'jt Hasd) - plli+te*1p - q(s N
=] )
A A
14 [t*; w 1ats™) - 211+ 1°11p - 96H1D
=]
A
= 2¢"lp = QTN < g - Qa1
' A e
Hence, any fixed point p to T(p) must have ||p - qis )| =0, or
p = :(s.). But, then p is consistent, so it follows from Lemma 4.3
that the voter equilibrium (b,:) extracts all information.
Q.E.D,

5. xample
¥o consider now s general class of preferences to which the
above development applies, mamely the class of so celled "intermediate

preferences.” See e.p., Grandmont [ ] and Kramer [ ], Let € be »

positive integer and let fO: I->R zand = (fl.....fL) X =) lL be

continuous functions on X, Then for sny p = (Bl....,ﬁL) 2 n“. define

vﬂ: X -_> R by \1'B = f{) + p*t, I.e., for any x & X,

L

vple) = folz) + PPi(x) = £olx) + ‘);laifi(x) (5.1)
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Then the class of intermediate preferences based on fo,i. written
U(fo.f) ia defined a3

Ulfg.0) = {vg = £, + 8'£ | p = BN, (5.2)

B

It is easily verified that meany stendard classes of preferences are
representable as classes of intermediate preferences. For example,
the space of Cobb Douglas utility fonctions is generated by setting

fo(x) w 0 and f‘(x) = 1n x The space of Euclidian, or type I,

5
proferences is gomerated by setting L = m, !'o(x) = - %’ x'x, and

fi(x) =x The space of quadrstic utility functions where esch voter

i
has an idiosyncratic salience métrix and ideal point is generated by
setting L = (m + 1)m, folx) @ 0, f.(x} »x, for 1 (1iLm,

uu!i.1 (:t)ﬂ:xix.1 for 1 {1 {m 1£J<m
m'+i

For our purposes, we need to identify voters not only by thoeir
otility functioms, but alsoe by their information class and voter type.
So we let N = (O.IItﬂ' X RL. whore L ix a positive integer. So each
voter @ ¢ N is desoribed by s vector of sttributes e = (y.f), where

K

]t"--1 and B n- B

¥ & {0,1 The vector y = (70’11""'71:) describes
the voter type (i,e,, his information class snd the subgroups to which
he belongs). We define I = {a = (y,p) ¢ N'*o =1}, U= [c & ""’o = Q)
and Ni = [g e N|71 = 1], The vector p = (ﬂl,....BL) gives the
purameters of the voter utility function. We let fo: I1->R and
f:%X-= .'Il"' be defined as above. Then for esch e = (y,p)} s N, we

sssume U = g = fo +p'f. l.e., for all x ¢ X,
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v (x) = fo(x) + B'flx) = fo(x) + ilﬁlfi(ﬂ (5.3)

Clearly, ooz I!(fo.f) for all o ¢ N.

Now, for any s & 5, we have that, for k e I,

A
Vi(s) = (ae Nlnu(sk) y nu(sz)l = {age leo(‘t) +BrElsL) > fo('i) + prils

= {q & Nlﬁ'(f(sk) - f(si)) ) fott;) - fols)}

= (a¢ Nlﬁ‘hk(:) » ¢, (s)} : (5.4)

where

B(s) = £lay) - €06 o N

(5.5)

ek(l) = fo(‘;) - fo(ak) e R

A
So Vk(l) is simply the set of voters im N who’s parameters P lie in a

half space in nt defined by the vector h.t(l) and ck(s). A poll
p e A® is consistent for EC N iffJ s s § such that for all

1 {i{tendkeX ¥ (0],

A
A ORI AC) (5.6)

Now, for Assumption 4.1 to be met, for any 5,83’ & § with

:F‘(s) = :P'(:'). we must have £ 7 5'. Thus, we must bave

) = Fan o T o = v 6n 5.

27

for all x e KU [0), B e {I,ON}. Il.e., we must have, for all

.,3' ¢ S, x e XU [0}, E ¢ {I,UN],

BA EA A A,
ui(Vk(t)) = _ui(\'k(s)} for 1 {1 <t =) Vk(l) = Vx" ) (5.8)

¥e conjecture that a sufficient condition for (5.8) to be
generically satisfied (with respect to an ipprnpzilta topology on the
set of possible measures p on N) is that ¢ 2 L + 1. F.e. there must
be more sources of information than there are free parameters in the
class of uwtility functions. The intuition behind this conjecture is
illustrated in Figures 1 and 2 for the caese when L = 2. Here the
warginal density funotions of the pf over the parameter space are
sssumed to beo continuous density functions with support eqmal to lz.
The figures give contonrs of the marginal density functions for the
pf over the parameter space, le. J£ t = L, thon we mote that sny
consistent poll can be generated by two different voting coslitioms.
However, if mnother group is added, s in figure 3, then as long as
the density function for the third groop is not "colinear” with that
of the first two, then the additional information provided by the poll
in the third groop identifies the correot voting coalition, so that
Assumption 1 is satisfied. A similar arguoment seems to hold for
larger dimensions as well, With an appropriate topelogy on the set p
of allowable wmeasures on N, any measure will be arbitrarily close to
one for which p!f is continuous with sapport equal to ll", and for
which the pf are pot "colinear.” The above axrgument 1s obvicusly very

heuristic, and we Ieave it for future research to study the validity
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of thie conjecture in more dstail, In any case it shonld be clear
that with t sufficiently large, and the uf continnous with support
equal to li‘nnd sufficiently dispersed, Assumption 1 will be met.

To illustrate some of the ideas which have been developed
above, we present an example., We let X = llz. and sgssume preferences
are Euclidian,

~ F— 1
7 Y 80 for all a = {y,B) & N, L U(fo,f), where fo(x) Et'x
o
and f(z) = x. So uu(x) = f'x ~ %x’: = (p - ‘;—)'x for some P & B2
(The parameter P represents a‘s ideal point). Using (5.4) and (5.5),
FIGURE 1 - we can write
Two consistent candidate
positions for the poll a
p=((0,.8,.2),(0,.3,.7)) - R
1o L R Vk(s) fa ¢ NIp hl(s) y ck(s)] (5.9)
where
b (g} = £{s.) ~ £{s_) = &, ~ s_
k k Y k x
(5.10)
(ck + 5_)
e (s) = f (s ) - £ (s ) = (s ) k
H - = = osL
0 X 0" 'k k Y 2
So
A
ae Vk(s) (= B & Gk(s), where
’ -—
. (lk + ;I) (sk IE)
G (s) = (e Ils'(ssll -5 ) > 3 } (5.11)

k

A ‘
Hence Vk(s) consists of exactly those voters whose parsmeter B (whick

corresponds to the voter’s idoal point) is closer to LY than to »_.
k

FIGURE 2

With three groups, candidate

strategy pair s' is no longer consistent
for the poll p=¢{(0,.8,.2),(0,.3,.7),{0,.01,.99))
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¥We assume there are 3 subpopulations, Nl’Nz’ s0d Ny, which
partition N. We sssume that "(Ni) = u({N) /3 for all i, snd for E= 1

or B = U, we assume that, for sny borel set CL X,

-1/2(z - xfw-(x - xE)

uf({n = (y.p) ¢ N[p 6 C}) = Jc-‘E:p dx (5.12)
\[2n
where
x{ « (2.0, -1.0) xf - (-2.0, 0.0)
xg = (2.0, 1.0) xg = (2.0, 2.0} (5.13)
1 _ v
1= (1.0, -2.0)  xj = (3.0, 2.0)

We assume that for esch i, ui(U) = pi(l) = 1/2, so that for each i,

0 (0) = 1/2 pi(O) + 1/2.0(0). (5.14)

.
Now, we assume that the candidetes adopt the positions s = ( , ), end

we consgider the initisl voter strategy (b.:) which is defined as

follows: For ¢ & I, voters vote ocorrectly. I.e.,

A e
ae Vk(s } =2 ha =k (5.15)

or equivalently, B ¢ Gk(") => b =k, vhereas for a ¢ U,

Qe N1 =) bn =2

ae N2

ae N3 e) ba =1

=} bu =1 (5.16)
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3

(Thos, the vninformed voters vote in such & way as to oreate a worst
case—i.0. the uninformed voters vote contrary to how they wonld tend
to vote under full information), The resulting poll, p', is given in
Table 1,

¥o now consider a sequence of polls (pt}:_l generated by

t+1

choosing p 'y T(pt) for each t 2 1. This iz the sequence of polls

which would result if voters, in period t, adjusted their beliefs to

be consistent with pt {zay to .t [ §P(pt}). and then vote optimally

according to this belief. I.e,, for a e I, in periocd t,

N
ae vk(.') = bt =k (5.17)

and for ¢ ¢ U, in period t,

A -
aeV (s* hios-x (5.18)
Equivalently, in light of (5.9)-(5.11), we can write, for
ae I pe Gk(s‘) =>b_ =k, whereas for

ae® peGlet™) b ok Sofor a1y,

vt =172 Tat™h + 172500, (5.19)

{(Compare to squation (4.10)}.

- LS
Table 1 gives, For each period, :U(It 1). qI(l.), pt. and the
A .
best fitting poll to pt, namely q(st). Figure 1 graphe the best
fitting hyperplanes G(:t) for 1 {t 8. We see that for this

A e [
exapple, that the pt converge to gis ) and that l(pt) convorges to s .



Period
t

Groop

i
1
2

3

W D ek

[T

Al ]

o] t-1
& ety

candidete
k
1 2
000 1.000
1,000 000
1.000 000
368 B34
.503 A7
980 020
549 451
.237 763
.950 L0330
666 334
063 937
L4486
887 .113
094 .906
.403 597
.921 079
118 BB2
245 155
.929 071
136 JB64
JA71 829
931 069
131 B49
137 B63
936 064
174 826
121 879

AL

L]
t
UL Pix
candidate candidate
k k
1 2 1 2

J44 056 472 528
196 L04 .598 402
500 500 .150 230

944 056 555 345
.196 504 349 651
500 300 .T40 «260

JSa4 056 46 2254
.196 B804 216 LT84
500 500 .T18 275

944 .056 805 .19%
186 804 119 471
500 500 572 428

JO44 056 916 084
196 804 J45 B53
500 L300 451 549

L1 036 .933 067
196 B04 157 B43
500 500 313 £17

S 036 937 063
2196 B04 .166 834
500 500 336 64

944 4056 938 062
+196 804 173 827
500 500 Jd1g 482
944 056 940 06D

.196 04 .1B5 JB15
500 500 11 59

Table 1

Convergence of pt to a(s').
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32 .
A t *y2
Hik(l(p 1 . . . .
candidato ||pt - ¢ Vi ¢ Pl C/, i-
1 by t 3
2 alstp DI \
468 332
601 399
961 .039 2 | U
4382 %y
657 343
2346 654
541 038 3
L4128 ¢’/ . \\
.50 .250 o
103 897
20 280 .‘\\‘
L2414
913 087
Ja3¢ 870 S \\ L R X
578 422
+2284 - + ¥ T ——
935 065 \
145 B35 )
453 547
0430
938 062 L
156 Bdd T
376 624 /
018u
938 062
166 834
.332 .668 1 v
.ooss -2 A )(J - x3
938 062
Ja712 828
321 679
0096 p;
S40 060 3 -
185 8158 I W
311 L6839
L0000

Fipure 1
Convergence of G(s(pt)) to G(s*),

*Here we use
the side of

the notation GY = G(s(pt)).
Gt indicated by the arrows.

The half space G
Also G* = G(s*).

F

(s(p"y) is on
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This psrticulsr example suggosts that the theorems of this
paper can probably be strengthened, Here we note that the dynamic
process described by pt+1 [ T(pt) converges to a voter equilibrium
which extracts all available information even though the distribuntions

of the uninformed and informed voters within each subgroup are

different.

6, Results: Fpl]l Egquilibrjum

This section investigates the properties of full equilibria to

the model of section 2, i.e., of equilibria ({s,b),(C.3)) satisfying
Definition 2.1, For s full eguilibrium, them, both candidates and
voters need to be in equilibrium. Again, we sare concerned with
conditions under which such equilibria correspond to what would happen

under the case of full information.

Definition 6.1 Tho strategy pair s ¢ § is a ful]l informatjon
candidate equilibrium if, whenever k ¢ K and s’ ¢§ satisfy sy = 57",
A A
M (e, b(e’ IN)) < K (s, B(sIN)) (6.1)

Noto‘thnt equivalently, beceuse of the sysmetry of the game,

we can write the equation of Definiticn 6.1 as

N
Kk(l',b(s'!N)) {0 (6.2)

or
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A A
u(Vk(l')) £ u(V;(t'}) (6.3)

' -
for all k e E, 8' ¢ S with L L

Throughout this section, we slsc make mnother aasumptionm.

A
Assumption 6.1 For all s e 5 with 5, ¢ Y p(Vo(s)) = 0.

t
Lemma 6.1 We assume UN
i=1

[ ]
all l. ¢ 8 with l; ¢ si, any voter equilibrium based on s extracts

i " N and that Assumption 6.1 holds, If, for

all information, then if ((l;b). (C.:)) is an equilibrium, then either

s 1s a full information candidate equilibrium or L

Proof Suppose ({s,b), (€, 9) is an equilibrion with s, # s7. Then,

for the voters to satisfy (V1) and (V2) of the equilbriuvm definitionm,

(b.s) most be a voter equilibriom with respect to s. But then, by

-~ A
assamption, {(b,s) extracts all information. so p(s.b) = g(s). But

now, since candidate beliefs satisfy C2,

A
ck . arg min [llp(s,b) - p(st)llr]
CCN

- arg min [113(s) - Psl)NN ) . (6.4)
CEN

Now for all 1 {1 {t, x 2 KU {0},

A A
qik(') = "1‘“1"” (€.5)

and
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pi(?k(-) n f:) for x e K

(=) (£.6)

N
Pie®™ T v -0 for k = 0

A A A A
So clearly, if C = N, then Pik(IIC) = g,y (s), or q(s) = plslC).
A FY
Bence, any Ck sclving (6.4) must satisfy q(s) = p(lek). This means,

A r ¥
in particular, that qiots) = p’o(slc ), or

N
by V(o) — (N - Al w0 (6.7)

P N
But, by Assumptiom 6.1, p(Vo(:)) = 0 for all ¢, so ui(Vb(s)) =0,
Also u (N - ch) = BN, - ¢*). So the above implies WiN, - ) = 0 for

all i, It follows that

t
o-)f.lmi—c‘)zp(umi-c"n
=1

i=1
t
= n(CUN) - &) = pv - ) (6.8)
i=]
or,
k
p(ck) = p(N) , (6.9)

Now assume that s iz not a full information candidate

equilibrium. Then there is o X ¢ E and an &' ¢ 5 with s’; = sock

that

N
W (e, 500 1N > M (s, 5¢s 1N (6.10)

But now, using the fact that p(Ck) = u{N), it is easy to show that

Hk(:'.ﬁ(s'lN)) = Ik(s',gls’lck)) for all s*, Hence, we have
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M (a0 B/tat 1E5)Y > W e BCalcD). (6.11)

It follows that s does not satisfy (Cl) of the equilibriom definition,

hence 1s not an equilibriom.

Q.E.D,

Unfortunately, the above Lomma Ieaves open the possibility that we
conld have equilibris where both candidates adopt the same policy
positions, but where these policy positions are not ct.a full
information candidate equilibriom. In this case, of conrse, the
informed voters would abstain, bout the wainformed voters might still
believe there is information in the polls, and vote in a way sach that
they cue off of the information provided to the pollster by other
uninformed voters.

Any belief by the candidates abont who the concerned voters
are would be consistent-with observed data. So if the candidates were
both positioned at & fnll information equilibriom of the voters who
they believed to be concerned voters, then this conld be an
equilibrium as defined in Definition 2.1. However, equilibris of this
sort are gquite unstable, because if either candidate makes a slight
miscalculation or an error in his choice of strategy, then the bellefs
of both candidates will be inconsiatent with the poll date which
results from all voters adopting equilibrium strategies. To banish
the sbove type of equilibria, we introduace & somevhat stronger notion

of equilibrium. This stronger version requires that candidate beliefs

‘most be copsistent pot only with the information that is generated
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when the candidates sdopt their squilibrium ctrategies, but also with

the information that is generated when they make small errors.

Definition An equilibrium ((s,b),{C,5)) is said to be inf sl

stable if there is a nelghborhood N(s) of & such that whenever

s. e N(s), and (b.,:.) is s voter equilibritm based on s'. then the

candidate beliefs U are consistent with the data p(s‘.b.).

Theorem 6.1 Under the conditions of Lemma 6.1, if there is » full

ipformation candidste equilibrium, there exists sn informationally

stable equilibrjum, Further if ((s,5),(C,)) is an informationally

stable equilibrium, s is a full information candidate equilibrium. -

. .
Proof To prove existence, we assume s is a full information

.
candidate oquilibrium with l; = s;. By symmetry it follows such an &

exists. Then we define ((x,b), (C.:)) by setting s = s.,C = {N,N},

and for all a £ N, set b> = ¢, and snpp(:u) = {s}.

To show this i+ an equilibrium, we verify each condition in turn.

¥i: Since lnpp{:n) = (3%} for all a ¢ N, it follows that we need

only find bu s B to nnx[nu(s:u)]. But nu(;;) = nq(.;) = na(s;).

»
Bence 0 & arg wmax [u (s, ).
- A
b 2B a
2
.
€1: Since s is s full information candidate equilibrium with

s; - ti. it follows that for all s ¢ 5 with 5. ti. that

-k(l.:(llﬂ)) £ lk(l..c(s.lN))

Since CX = N, 1t follows that

- 2 A %
¢ arg max W (s .bis IN)).
n " : Ik
3%

V2: For all 1 (i ¢ ¢,

A A A ~
pl(n.b) = (1,0,0) = (u(Vo(s)).u(VI(s)).p(Vi(s))) = p{sIN}

hence |lp(s.b) - ;(:lN)'lr = 0. ‘So.
aupp(:“) = (s} solves V2

k

C2: As above, for C =N,

lpts,b) - 2IEEI_= 0

13 Ck = N golves C2.

Now to show that the equilibrium iz informationally stable, we let

N(s) be s neighborhood of s = s., and pick s’ & N(s) with 't' ¢ s;'.

By assumption, we know that the resulting voter equilibrium (b', &)
extracts all informetion. Hence, for all a ¢ N, k ¢ KU (0},

A A
as Vt(s') =3 bh' =k, I.e., Vk(s'. b)) = Vk(s'). But then

A
pik("‘h') = ui(Vk(s'.b')) = “1‘”&“")

A 'l
= pik(s N)

R .
Hence |lp(s’.b*) - p(s'lN)”r =0, so for ¢k = N, conditions €2 is
met. So Ck = N is consistent with the dats p(s’b’), and it follows

that the equilibrium is Informationlly steble. This proves the first

39
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assertion in the theorem.

Now assume that ({s, b), (C, :)) is an informationally stable
equilibriun. From the previons lemma, we know that either the
conclusion is true, or s, = u,, So assume 5, = 8,. Lot N(s} bo s

neighborhood of s, and pick s' ¢ N(s) with 5’ ¥ ‘2" Then by

assumption, if (b',:') is n voter equilibrium besed on z", it extracts
A A
all ipformation. So a € Vk(l'} =} ba' =k or Vk(l',b') = Vk(s’).
]
Further, by sssumption 6.1, u(VDCs')) = 0, Then, using an srgument

similar to that in Lemms 6.1, we have p(N - Ck) =0, or u(Ck) = u{N}.

But mow, if ((s,b),(C,3)) is sn informationally stable equilibriwm, it

rust be an eqoilibriwm, Thus, by C1,
W (5,0 1ED) 2w (ar Bler 1E5D)

for all &' with t;' = 0. But since u(Ck) = u(N), it follows that for

sll s, lk(s.g(tick)) - lk(s.g(slN)). Hence
Sl K (et 50s0 |
Hk(:.h(s N} 2 k(t ,bi{s'IN)}

whenever k ¢ E and s’ ¢ 8 satisfies si’ = 5. But this implies that s

is a2 frll information candidate equilibrium.

Q.E.D.
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