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. Introduction

There is a common tendency in economcs and rel ated
disciplines to presune that government intervention is warranted
in the provision of collective consunption goods and the
managenent of conmon property resources.

In the tradition of Aristotle (Sroup, 1991), Hune (Q sen,

— --1965) and Hardin (1968), individuals follow ng their inevitably

nyopi ¢ self-interest will underprovide public goods and
~overexploit common property resources.

The presunption that public goods w |l be underprovi ded can
be fornally denonstrated as a Nash equilibriumin a non-
cooperative gane. In this nodel, each player chooses to provide
that quantity of good V\hl ch will maxi mze his own utility,
assum ng that the anount pr ovi ded by other players will remain
. the sanme as in the previ ous period. In eqwllbrlum_each of the n
pl éyers equates his marginal rate of substitution to the full
- .cost vof a unit of the public good. Therefore, the sumof the
| marginal rates of substitution is n tinmes the marginal rate of

transformation, i.e. the public good is underprovided and the
degr ee of underprovision increases with the nunbef of potenti al
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cooperators (Roberts and Hol dren, 1972; Cornwal |, 1984).

Wth nore sophisticated strategies, however, it is plausible
that cooperation can be sustained by punitive strategies directed
at defecting players. Indeed, any target solution that becores
the focal point of such punitive action and which is superior to
the Nash equilibriumcan be so sustained (Aumann, 1981) . This
“folk Theoremi has two severe limtations. Frst it applies
equal ly to efficient and inefficient outcomes. Second, it
provi des no gui dance on how a particul ar focal point becones
prom nent .

In this paper, we derive conditions under whi ch public goods
coul d be under, over, or efficiently provided, even in a non-
cooperative setting. In Section Il of this paper, we show that
efficiency in the voluntary provision of public goods can be

achieved if consurmers underestinmate the quantity of public goods

to be provided by others. In particular, we show that efficiency.

can occur under various conbinations of hunbers of players (n),
el asticities of substitution (a), and the degrees of
underestimati on of public good provision by others, with the
degree of underesfination bei ng neasur ed by 0 which is the
propor ti onal uhdefeétination of the actual public good provision
by ot hers. | |

In Section Ill, we discuss how an efficient solution, once
achi eved, has a natural promnence and may be sustained as a
© spont aneous ordér (Hayek, 1960). This'pfovides a fundanental
theory of government as the constitution of cooperation in an:

econony with publfc goods and thus conplehents Nozi ck' s (1974)

”
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mnimal state. Section IV provides a brief summary, while

Appendi x A provides derivations of equations (1) through (5).

[I. A Mdel of the Woluntary Provision of a Public Good

In contrast to the Nash-Cournot nodel, wherein players
assune that other players' provisions of the public good will
renain the sane as in the prior period, and equilibriumoccurs
when that assunption is realized by all n players, we provide a
nore general anal ysis wherein assunptions as to others'
provi sions may be based on other than the prior period s behavior
and wherein those assunptions may not be realized. W begin by
presenting the f oﬁlvlzwngﬁt\‘/\b#ﬂl éyer ganme nodel which allows for
explicit treatnent of conjectures regarding the other player's
strat egy.

In this nodel both players' preferences are representabl e by
Cobb-Dougl as utility functions. Specifically, suppose that two

I ndi vidual s, Ken and Ben, naximze their utility functions:

=% (S + SB
U= X (Ss+ S

subj ect to the budget constraints:
Yk PxXk + PsSc - '

Ye PxXg + PsSg
where, e.g. X« = the anount of private good purchased by Ken

S« = the anount of the public good provided by Ken
Ps

S8

the (supply) .p_ri ce of the public gon“‘“

the amount of the public good that Ken assunes

Ben wi |l provide




Sck+ Sg = the actual anmount of public good provided.

Now suppose t hat Si=S,=0, for exanpl e, because Ken and
Ben are extrenely risk-averse, or because neither player has
provided the public good in the previous period. In this case,
the sumof the quantities of the public good provided by the
players will be efficient.? An intuitive explanation of this
result rests on the presence of opposing forces in the nodel. To
the extent that each individual's provision of the public good
generates external benefits which are not taken into account in
his decision calculus, there is a tendency towards
underprovision. On the other hand, to the extent that
I ndi vi dual s underestimate actual provision by the
other party, e.g. S?B = 0< S there is a force towards
overprovision. The latter force is greater the |ower the val ue
pl aced on unanticipated spillins, i.e. the lower the elasticity
of substitution between the public and private good.” Were the
elasticity of substi tufi onis one, i.e. the Cobb- Dougl as case,
_and wher e §: = Sa:: 0, these two forces éxactly'o.ffset one
another and efficient provision results. o

Athough it can be shown that efficiency occurs when the
. elasticity of substitution is one and pl ayers assune zero
‘provision of the public good by others, these conditions are not
necessary for efficiency. In fact, we shall now generalize the
| nodel and show t hat effici ency can occur underl vari ous

2. This statenment is proven later in the paper in that when
1 and ¢ = 0, equations (4) or (5) hold for any n.

Q
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conbi nations of n, , and

V¢ begin this analysis by recognizing that there are
I nternmedi ate cases between that of a Nash-Cournot equilibrium
(wherein assuned and realized spillins of public good provision
are equal) and the zero assumed spillin case. Under the
sinplifying assunption that all players have identical 0's, we
can derive the relationships between 0 and the |evel of provision
of the public good relative to the two polar cases. This

internediate solution is given by:

s = 1
S* 1 + (1-¢)R(n-1) (1)
and e
s = 1+R(n-1)
Sne = 1 + (1-¢)R(n-1) (2)
wher e:
R = the negative of the partial derivative of a player's

provision of the public good with respect to another
pl ayer's provision of the public good, wth all

pl ayers assuned to have identical Rs,

S = the level of public good provision if all playérs.
" assune zero provision by others, i.e. = 1, |
S = the l evel of public good brovision In hash-Cburnof
equilibrium i.e. =0, and |
S = the level of public good provision.

Equations (1) and (20 are derived in Appendix‘A
@ ven the above anal ysis, it can be seen that 0 affecté t he
| evel of public goods provision. Underestinmation of others'

provi sion of public goods distorts the ratios of private goods to



public goods. @G ven the assunptions of identical honothetic
preferences (the CES utility function being an exanple) and equa
incones for all n players (consuners), Equation (3) can be
derived which shows how player i's ratio X/S is related to , n,
and the ratio which player i assunes would occur if there was

zero public good provision by others:

_)_(_l = 1+(1- n-1 X_l* (3)
S n Si*
wher e:
Xi* = the level of private good purchased by player i if

I assunes zero public goods provision by others

(i.e ii),
Xi = the level of private good purchased by player i,
Si* = the level of public goods purchased by player i if
¢ = 1, and

the other variables are as previously defined.

Equat i on (3) is derived in Appendix A Note that in equatioh
(3), since [1 + (1: )(n-1)]/n < 1, even thoUgh a playér's |
1assunlng sone provi si on of publ i ¢ goods by others increases a
'player s ratio of prrvate good to public good purchases it
reduces the ratio reIatrve to what players assuned woul d occur
had publ i ¢ good provrsron by others been zero. The significance
of this distortion becones apparent in the foll ow ng paragraphs
| By distorting the ratio X/S, the marginal rate of
substitution between X; and S is altered. This, then, has
effects on the efficiency df t he provision of public goods.
Recal | that in Nash-Cournot equilibrium there is an

under provi sion of the public goods since each player sets his
6
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margi nal rate of substitution (MRS equal to the narginal rate of
transformation (MRT), resulting in the sumof the MRSs exceedi ng
the MRT. In the Gobb-Dougl as case, with the players having a
unitary elasticity of substitution between public goods and
private goods and assumng zero provision of the public good by
others, efficiency is achi eved because the "unexpected" provision
of public goods by others reduces each player's MRS so that the
sumof the MRSs equals the MRT. In the internediate sol ution,
whi ch is between the Nash-Cournot equilibriumand the Cobb-

Dougl as zero assuned spillin case, there is some "unexpected"
provi sion of public goods by others but since some provision by
others was anticipated (i.e. < 1), the MRSs are not reduced as
much as in the Cobb-Douglas zero assuned spillin case. To

achi eve efficiency, then, another factor nust cone into play.

That factor is the elasticity of substitution between the public

good and the private good. .The less the substitutability between

public and private goods (i.e. the smaller the ), the nore the
MRS will decline for. ‘any given level of "unexpected" provisi oh of
publ i c goods by others. Thus, there should, and in fact do,

exi st conbi nations of 0 (which affects the: | evel of unexpect ed
provi sion of publ ié gbods by others) and a whi ch result in
efficiency (the sumof the MRS equaling t he MRT) . dven the
assunptions of n consumers with identical CES utility functions
and incones and each consumer underesti rratlng others' provision
‘of the public go'dds by the sane fraction “(gi ven by 0) we can

derive equations (4 and (5 which are equival ent expressions for

on m——— e ra e aierem e s
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efficient conbinations of n, ,

()} =

-11 (4)

o = 1 - ln [1+(1- n-1
In n (5)

Eﬂuatiohs (4 and (5 are derived in Appendix A sing

these equations we can determne conbi nations of a and O

resulting in efficiency for different nunbers of players. In
Figure 1 are shown conbinations of a and O resulting in

efficiency inthe n=2 and n = 100 cases.

n=2
n=100

.o

Figure 1: Conbinations of a and O Resulting in Efficiency in
‘ Publ i c Goods Provision For the n=2 and n=100 Cases
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In Figure 1, for a given n, any conbination of a and O to
the southeast of the |locus of efficient conbinations would result
in an over-provision of the public good and any conbi nation to the
northwest woul d result in an underprovision. Thus, under-, over-
or optinmal provision are possible, depending upon the conbination
of n, a, and 0. It is apparent fromthis analysis that the
greater the nunber of players, the greater the tendency toward
underprovision. This result, which supports the Hune theoren]
can be readily seen in Figure 1 in that the locus of efficient
conbi nati ons col |l apses toward the southeast as n increases.

Despite using sone highly sinplifying assunptions in the
above analysis such as identical reaction curves and utility
functions for all players, several key points have been nade.

The nost basic point is that underprovision is not the only
possi bl e out come when public goods are privately provided. If,
for mhatever reason, consuners, either totally i gnor e the |
provi si on of publlc goods by others as in the Cbbb Dougl as case
.or partially underestlnate the provi sion by others as in the

. I nternedi ate case, eff|C|ency may occur and we cannot presumne

~ that underprovision necessarily results. A so of'significance
are the nore specific reSUIts of the nodel presented her ei n.
Specifically, it mes-found, in support of the Hune theorem that
the larger the nunber of pl ayers the greater the t endency toward
underprovision. It hés also found that this tehdency toward
under pr ovi si on mhlch arises from free riding as of f set,
partially or totally, by underestlnatlon of others provi si on of

publ i c goods. The greater t he underesti mati on (| e. the larger




the ), the greater the offsetting force toward overprovision,
with the offsetting force being greater the less the
substitutability between public and private goods (the snaller
the ). Further results could undoubtedly be devel oped,

e.g. one could analyze the effects of different players having
different elasticities of substitution, but the above anal ysis
seens to capture the significant forces toward underprovi sion and
overprovision, and the fact that these forces can result in
under-, over- or optinal provision of a public good in a non-

cooperative setting.

[1l. The Sustainability of Efficiency and the Fol k Theorem

If optimal provision of voluntarily provided public goods
was only sustainable if consuners continue to underestinate the
provi sion of public goods by others, the results of the above
section would be of limted interest since continued,
~underestimati on seens unIiker over a nunber of deci sion periods.
Wiat nakes the pOSS|b|I|ty of optlnallty in a S|ngle round
setting mor interesting is that once optlnallty IS achleved
it may be sustalnable over time based on the "folk theorem
rather than on the continued underestinﬁtion of others' public

goods pr ovi si on.

The followng exanple will clarify the applicability of the

folk theoremto our énalysis. Suppose Ben and Ken have the
“follow ng utility functions and budggt qonstraints, respectively{
b =2>XdS + S subject to 120 Xz + S

Uc = X{Sc+ So) subject to 120 X« + Sk

10
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Assune further that both Ben and Ken,
or risk aversion,

the public good.

assune that the other will

of the possible outcomes to this gane.

due to initial
be provi di ng none of

The payoff natrix below (Fgure 2) depicts somne

pessimsm

Sk=60 Sk=40 S«=30 S«=0

Ug=7200 Ug=6000 Ug=5400 Us=3600
Sg=60

Ux=7200 Ux=8000 Uk=8100 Ux=7200

Us=8000 Ug=6400 Ug=5600 Ug=3200
Sg=40

Ux=6000 Ux=6400 Uk=6300 Ux=4800

Ug=8100 Us=6300 Ug=5400 Ug=2700
Se=30

Ux=5400 Ux=5600 Uk=5400 Ux=3600

Ug=7200 Ug=4800 Us=3600 Us=0
$=0 - °

UK=3600 Ux=3200 Ux=2700 UK:0

Figure 20 Payoff Matrix Exanple

'G vén their assunptions of zero publ i ¢ good provision by the
other, both Ben and Ken V\ould choose to provi de 60 units of the
public good. That is, each, in attenpting to escape fromcell
"1tocells 2 and 3 respectively woul d provide Sz = S¢ = 60.

Thus, they would end up in cell 4, which happens to be Pareto
6E>ti r_ral and a Lindahl equilibrium If the two players followed

"~ Nash- Cour not behavi or, the;/ \/\bUI d each assune that ai n ‘t he next
round the ot her pl ayer woul d agai n prlovi de 60 un'i.ts of the publ e

‘good. Therefore, in round 2, each would provide 30 units of the

11
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public good and the players would end up in cell 5 If the
Cour not behavi or conti nued over a nunber of rounds, the outcone
woul d gravitate toward cell 6 which would be the Nash- Cournot
equi | ibrium

Several points can be nade fromthe above exanple. First,
the outcone in cell 4 is Pareto optinal, which is consistent
with our conclusion that when =1 and =0, efficiency is
achieved. Second, the Nash-Cournot equilibriumin cell 6 is
suboptimal, with cell 4 being Pareto superior to it. Third,
cell 4 is sustainable if Ben and/or Ken recognize that cell's
desirability and threaten to match or exceed any cutback in
public good provision by the other. Such a threat, in a repeated
gane setting wth a large nunber of rounds, would be anple
incentive for players to remain in cell 4. A nunber of features
of the cell 4 solution, which is a Lindahl equilibrium conbine
to nake the solution promnent in the sense of Schelling (1960).
First, any change in the total contribution td t he publib good
wil | decrease the economc sur pl us. Thus there i's no possibility
of a win-wn strategy t hat departs fromthe Ljndahl équilibriunl
Mor eover, the Lindahf equilibriumis "just" ih'the‘sense that al
participants pay in aécordance wth their'narginaf benefits and

reap the surplus due to the higher valued intramarginal units

3. Athough the above exanple is based on the special case of
both players having identical Cobb-Douglas utility functions and
zero assuned publlc_?ood provision by others, alternative

- exanpl es based on different nunbers of players, elasticities of
substitution, and degrees of underestinmation coul d be constructed

~which would lead to the sane denonstration that once achi eved, an -

efficient level of the public good provision may be sustained by
a threat nechani sm anong pl ayers.

12




(Lindahl, 1919). Finally, in the special case of simlar tastes
and i ncones, the economc surplus of all participants is roughly
equal .

The punitive strategies adopted constitute a governance
structure of cooperation. The coonmtnent to retaliation becores
nore credible if it is encoded in the cultural norns of the group
and reinforced by social sanctions such as ostraci sm
Enf orcenent against recal citrant and thick-skinned devi ants
(whose presence threatens an unraveling of cooperation through
envy and imtation) can be further secured by |legal institutions
that commt the group to punish opportunism |In this way, the

spont aneous order natures into governnent.

V.  Summary

In this paper we have shown that, contrary to the
conventi onal w sdom the voluntary provi sion of public goods need
not result in underprovision. |f players underestinmate the
publ i ¢ good provision by others, then under-, over-, or optinal
provision is possible, depending upon theannber of players,
el asticities of substitution, and the degrée of underestination.
Furthernore, if optinmal provision is achieved, retaliatory |
strategies can be used to sustain the efficient solution as a . i

spont aneous or der.

13



APPENDI X A
Derivation of Equations (1) - (5

In deriving equations (1) and (2 we use the follow ng
definitions:

Si

Si*

the level of public good provision by player i,

the level of public good provision by player i,

i f =1

and the other variables are as previously defined. @ ven the
assunption that all n players have identical reaction curves,
player i's reaction curve would be given by:

Sj = Sj* -  (1-¢)RZT S,

1 1
3#i J
and since S; = S; for all i andj we can substitute (n-1)§ for
£ Ss: to get:
i
S{ = Sij* - (1-¢)R(n-1)sj

whi ch can be rearranged as:

S = S.*
1 1 + (1—$)R(n—1)
and
S; = 1
Si* 1 + (1-¢)R(n-1)

S nce aII'pIayers behave identically and woul d provide identicé{

|l evel s of the public good, S = nS and S = n§*. Thus we get

equation (1):

S - = 1 . (1)
S*x 1 + (1-¢)R(n-1) T
Note that in the Nash-Cournot equilibrium =0, so
S = nsS:*
Ne 1 + R%n—l)

14




whi ch when divided into

s = ns. *
1+ (1-¢)R(n-1)

yi el ds equation (2):

S = 1 + R (n-1)
Sne 1 + (1-¢)R(n-1) (2)

In deriving equation (3) we assune that there are n identi cal
consuners wth honothetic preferences for X and S Each pl ayer
I is subject to the budgef constraint Y; X; + kS, where the
private good X is the numeraire and k is the narginal rate of
transformation. W shall use Figure Al to depict the

I ntermedi ate sol ution wherein each player underestimates by

fraction O the provision of public good by others:

(1-9) (nf'l)S of the public good

.q (1-6) (n-1)S;

Figure Al: Solution with n Identical M ayers

15
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A ven the assunption of zero provision of public good S by
others, player i would select point (S§*, X*). |If, instead,
player i assunes that others will be providing sone of the public
good and that all players other than i are identical then the
player will assune that provision by others will total
(1- )(n—l)sv (where | 1). dven our assunptions of identical

consuners wth identical s, all players provide the sane |eve

of public good so S; = S; and we can specify that the sol ution
IS where

S; = Si*|1 + (1-¢)(n-1)8;| - (1-¢) (n-1)S; (A1)
1 * [ Y/k 1] *

This expression states that the solution occurs where each
consuner's purchase of S equals the consuner's chosen consunpti on /
of S less the assuned provision by others. FEquation (Al) can be
mani pul ated to vyield:

s; = Si* A (A2)

* (1-0) (n-1)85;*
1+ (1-¢)(n-1) - Y/k

~An expreséion for X can be derived from

X: = X:* [- 1+ (1-¢) (n-1)S;
- | i i [ Y/k 1]
- yi el di ng:
X; = Xi*[:1 + (1-¢) (n-1)S;* k/¥_ ]
1+ (1-¢)(n-1) - (1-¢) (n-1)S;* k/Y

Taking the ratio of X to S we get, after sone sinplification:

X;: =|1+ (1- -1)7] X%
X [ (1-9) (n )]g%*

1

This expression shows that player i's ratio of private to public
good purchases decreases when the player underestinmates the
provision of the public good by others. Note too that X/S§ is

an increasing function of n.

16




To conplete our derivation of equation (3), we now note that
player i's actual consunption of S equals nS; since all n players
behave identically. Thus we get:

X; = 1.+ (1-¢)(n-1 X;*
S n Si* (3)

To derive equations (4 and (5 we make use of the efficiency
condition that MRS equal MRT for a public good. It can be shown
for a CES utility function as foll ows:

=1/B;

A3 Ai
Ui = [aixi + (1 - aj)s
where ; =1/( i + 1), and assumng all n players are identical,

after dropping subscripts to and that:

1/0
l - «a 31
Z;MRS = n < a )( S )

This expression we set equal to k (the MRT) to find an expression
for efficient outcomes and substitute equation (3) into the X/S

term vyielding:

: | ~1/0
(1 - o (1 +_(1-¢) (n-1) ziz)' =k
n a ) n Si*

whi ch can be rearranged as:

1/0 "1/0
(;__;_g)(xg) ( 1+ (1-9¢) (n-l)) =k (A4) .
n a Sji* n . )
Noting that if player i assunes zero provision by others then the

pl ayer sets
1/0

=)

we can substitute k for its equival ent expression on the |eft

* | %

17




side of equation (A4 and then divide both sides by nk yielding:

1+ (1—@)(n—1)]
n

as an expression for efficient conbinations of O, a, and n.

1/0

(A5)

S

Equations (4 and (5 are nerely rearrangenents of equation (AD)

putting O and a on the left sides of the equations.

18
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