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ABSTRACT

A voting game is a non-transferable utility (NTU) game with a

simple game structure. When the Shapley-Shubik index of a simple game

is strictly positive, then the corresponding voting game has a strict

NTU value. Moreover, the Shapley-Shubik index is the unique NTU value

for a certain class of voting games. These results lead to a solution

of the problem of a group choosing its leader.



1. Introduction.

The situation often arises in which a group must select one of

i ts members for some position or office, the responsibilities and

powers of which are indivisible. Such is the case for instance when

an academic department elects i t s chairman or a legislative body

elects i t s speaker. An extreme example occurred during the American

Civil War, when some military units elected their commanders. As

in any social choice problem, the outcome depends on the voting rule

and the preferences of the individuals concerned. This paper

analyzes these situations as cooperative games with non-transferable

ut i l i ty (NTU), called voting games, and proposes as their solution

the NTU value.

Besides i t s social choice interest, the study of the NTU value

of voting games has an additional motive. Recently a series of

articles highly cri t ical of the NTU value has appeared [4,6,7]

One response, as in Aumann [2] , is to present instances where the

NTU value leads to reasonable results. This paper shows that the

NTU value of voting games gives results at least as reasonable as

those of the Shapley-Shubik index [9] for simple games. Indeed,

the Shapley-Shubik index is the NTU value of a certain class of

voting games (Proposition 3). Moreover, a large class of voting

games have only strict values (Proposition 1), even though these

games are not covered by either of the axiomatizations of the

strict NTU value which have recently appeared [1 , 5 ] . It appears

that a comprehensive axiomatization of str ict NTU values is s t i l l

to come.

The paper is organized as follows. The next section formalizes

voting games and their NTU values. Section 3 'studies general properties

of the NTU values of such games. The final-two sections compute some

specific examples where political power is evenly and unevenly

distributed, respectively.





The voting game based on U and w has the coalition function

v(S) , telling what the members of S can assure themselves of. A

losing coalition S can only assure i ts members of ut i l i ty o. A winning

coalition can choose the officeholder from among i t s own members.

Players outside such a coalition have the fixed threat of not serving.

No generality is lost by assuming that a winning coalition chooses

a lottery p over i t s members. v (S) is thus given by:





This result shows that the Shapley-Shubik is not restricted

exclusively to transferable ut i l i ty situations. Power can be indivisible,

as in a voting game, and the index can s t i l l apply. What is crucial

is that preferences be selfish, in the sense that each player wants

to see himself (and only himself) in the position of power.

It is clear that even if there are dummy players, the Shapley-

Shubik index is s t i l l an NTU value, although no longer s tr ict . In

such cases, there may be other NTU values.
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To see the effect of the power asymmetry on an otherwise symmetric

situation, suppose preferences are symmetric of order 2, q = 3, and n = 4:
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