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" Abstract. The durable monopoly jgame with uniformly distributed con-
sumers is studied within a finite time horizon. It is shown that the
gane generically posseses a tinique sitbgamie perfect equilibrium which

. can be explicitely calculated. To test the Coase-Conjecture the Fnite

- time horizén is divided into successively more subperiods and the Timit-
ing solution is derived. {t'turne out that the Co‘\.sc Con_}ecture does not

- hold.

1. INTRODUCTION .

9. TE MODEL

The game to be studied in the sequel is a T-stage game, 1 < T < co.
'To begin with the number of stages or periods, T, is taken finite and
is thought of as the number of stibperiods, say, ”market days”, within
.a finité interval of time. Eventually, however, this humb(;r of market
days within a finite time interval will bé increased and the limit of the
solutions, when T approaches infinity, will be studied. _
~ The game is one between a single monopohs' supplier of a durab]e
- and indivisible commodity, and a large number of different consumers. .
11 the potential consumers have a "willingness to pay” or repervdtion
valiie v for one unit of the durable godd, i.e. a customer wants either
one unit of the commodity ot none.f Without loss of generality it can be.
assumed that 1 is the highest and 0 the lowest reservation value, such
that regervdtion values v for all consumers satisfy 0 < v < 1. It is as-
sumed that for every number v € [0, 1] there exists exactly one potential
ctistomer with, reservation valtie v and that this uniform d1<;tnbuhon of
reservation values over the tinit interval is common knowledge. - |
N For the ‘monopolist the margmal cost of production i is. 19911mr=d con-
stant. . Let p, detiote tiie unit profit in permd t,t=1,...,7, that is:
- period t’s sales price minus the constant marginal cost of prodm tion. In
the sequel py will simply be called the price in periodt; because marginal
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;  costs can be ﬁssumedl:ero w1th0ut loss of general__yﬁ If =, denofnq the
" number of units sold in period-t, the monopohst s profit in period {, ny,
is given by my = p;2¢. The monopolist’s time preference is given by a : : :
- constant discount factor p € (0, 1), such that the ménopolist’s payoff w &
functlnn for the game can be described by "), m,ﬂ/hw;, "t"L"“f L S wod (>4 U TR
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Since a consnmer with reservation-value v will buy 'mt mos+ one untt,’

his payoff in the case, where he never buys, can be normalized fo zero.
If he does buy one unit in period ¢ at the price py, the payoff to the

consuter with re#er.v#hon value v (1efcrred to as constimer v) is given !*/
by & (v — pe), where § € (0, 1) is the common discount factm of -
consumers. The redervdtion value v can be thought of as the discounted /l ‘

strean of benefits to conswmer v from enjoying the durable good from

- period # onwards. At the price p, = ¥ consumer ¥ is indifferent between
buymg and not buying,. 'lhe payoff function u,, of the potcntlal customer .
v is thus given by

. 6t 1{v — ﬁt), if v buys in-t, .
Uy, = - :
U otherwrse

T

Observe that a consumer can buy only once and’ after h'wmg 'rmup;h\‘
he can nelthcr resell, nor pmrtu 1pate actlvely in the game in any other . (’f -
way. . C /

To complete the definition of the extensive form game it remains L l" olh, _—H}M
. to specify the market process In every perlod t,t = 1,...,7, the #/:JFM Al
monopolist moves first by setting a price pr € [0, 1] Then, _obqervmg H}maﬁrw‘
- the price, all pol:entlal customers, who are still active (have not bought '
yet in any previous petiod) choose snnu}taneously whether to buy or to
~ continue waiting. ‘At the end of the period the outcome of the market
in’ period ¢ becomes publicly known. Since perfect recall is assumed, .
any player in any ‘petiod knows*all ‘heuh:steryf lea.dmg to the cunent H )l’?‘vv"‘” Mies
sibgame. ,
~ This completes the descnptmn of the dttrable monopoly gmme TIIC
situation envisaged by Coase [1972] can be represented by setting § =
Cexp(—rA), p = éxp(—RA), v >0, R > 0, where A = 1/T is the length
_of market days, and considering the limit as T approaches infinity.

3. Resutts ‘ ‘ |
“The focus of this section is to derive éhc(‘tvi;o' major results on the I ”f
durable monopoly game with a finite time horizon. Firstit will be shown '
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that (und‘er a certain refinement of s_ubgl;amé:pérfection-) there exists an
" unique equilibrium outcome of the durable monopoly game.c_Secbnd the - ¢ |
limiting hehavior of the equilibrium outcome pd 1/T — 0 will be studied. H /”

The technique of the proofs rests on two cornerstones. The first,

~ Lemma 1, is a characterization of the set of all subgame perfect equilibria

of the game: It says that, under very weak conditions, for each period ¢
the set of still active (‘:onsumers along the equilibrium path is an interval N
with lower bound zeto and an upper bound whichi is decreasing over time.

"The second cornerstone i is a sequence of recursively- defined coefficients,

the properties of which will be described in Lemmas 2 and 3. Since the
proofs of these two Lemmas regitire lengthy induction 'lrgumentls the

proofs are relegated to the Appendix.

Concerning the first lemma, there will be two notions used which re- - .
quire clarification, Recall that the strongest notion of Nash-refinéements

is a sfrict equ:hbnum i.e. -a Nash equilibrium, where the equilibrinm ’{ M

~ strategy of each player is the unique best response to the equilibrinm
strategies of the other players. In games with a continuum of players’ ' Ww
this is perhaps too much to askrﬁemamplf in the durable monopoly -~ |, - (A ‘
gamr—*&:here will #m_ea'eh—e% mf—pq(always be one consumer; who is L {" v el
inclifferent between buying uymg,—na.mel.y.u__-.p, For this -

kvt ol fand
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class of games it is therefore natural to weaken the notion of a strict . Tw;s Y] M}- o
‘cqml]brmm slightly mldl_requlre that equilibritim strategies ar “}21]“? ‘ LL? . :

be % WNP‘E for. all Pfaypr‘s except, possibly, for a-null se? | ,‘-
pe @ NAs cthbrmm.tdﬂae strict with redpect to almost o lrn,rm 5, if Z Jﬂ” i M‘,PLL /

the equilibritm strategy is the unique best response to the eqt,uhbrmm

strategics of the other players for all players except for a closed set of 0,”7 T \M&?M’
. ol b MY

consumers with (Lebesgue-) measire zero.- Observe that this definition T
implicitely asqngns positivé mass to the monopolist. - / /ﬁ’/’*’ ""ﬂg J’ .
The qecond notion in Lemma 1 which requues specnﬁcatlon is that /gwitth !

~ the Lemma states that its conclusion applies "generically” to all sub— ,6]'51"5‘

[ uniform distribution (say, in the qupremum norm); but which dpshoys -

game' perfect equilibria of the durable monopoly game. Siich & notion - "
is usuﬂly best.defined by stating, when a prope1 ty is "non- geneuc "] We | l '

“will say that some property of the game is'non-generic, if it is possible
{ to find a continuous {cumulative) distribution function on the unit'in- ’( Dvﬂ
HI 1 7

terval Hﬂﬂhv—eonsumers*d;s’mbatmﬂ which-is arbitrary close to the fro
rmn
the property (if it is substituted for the iniform distribution). .‘ ’4;
‘Most of the notation will be developed where it is necded. For the - '
time being, let, for any given subgame perfect equilibrium.a; the set of
cotisumers v € [0, 1], who are still active in period { along the equiilibrium

path induced by o (because o prescribes that they do not buy before

period t, unless a deviation occurs), be denoted by Vy(o) C [0; 1).

& fmc w(; om0 m/
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LEMMA 1. For. any subgaine perfect equilibritm o which is shid/wifh
respect to almost all players and generically for all subgame perfect
equ;hhna o .of the duxabIe monopoly game,

| E._I]/)‘Vt(g) = 0 U,(cr))‘{_ U]((T) = 1r>
< and 0 < v, H(o) < v;(a) < l fm aH t = lwnnT‘— 1.

PﬂOOF For some given subgame perfect equilibrium o let p(o) € SR, 4o

p(r!) = (pi(o),..., pr(a)) denote the sequence of prices induced along

‘the equilibrium patl. Denote by (o_,, t,) the stralegy combination
- induced by o in the subgame after in period t a conswmer v, who was
 supposed to buy in t unider o, has deviated to waiting, v € Vy(c).

Consider some v € WVi(o), who in"equilibrium does not buy in pmmd :

t (at the price p,(c)): For this v € Vy(¢) it must either be true that

v < par(e), Yk =0,..., T—% or there must exist some k = 1,..., T,

such that o o . | :

v —pio) <85 (v — prar(o))

o) = 6 ()
= 1 < 1_ o :

Con‘sequcnlly, for all v/ < v, v € Vg(o) cnthcr v < pus k(a) vk =
0,...,T—t, or .

2 () = 8 pegio)
BT
.¢:>v'+pao)<6%vt—m+uan,

for at least one k = 1, T--t. We wish to show that all o' < v will not
bny(éxtheﬁm ethhrmm}L Suppose some v' < v does by in fnthhrnm)
Then v' < pt(or) is impossible, and it must bP true that there exists some
k= 1 , T — t such that

020 = i) < 84 = praalo)),
and o' —Pf(") > ¢ (” —Pf+r((0—u' “’f)))
foralll=1,.. , T — t.-But these two mequahheq mlply
Pr+k(( =o'y W) > prii(o)

for at least: one k = 1,. T s ‘Since (0 -vrs Wwy) dlﬂ'or‘s from o |
only by an mdlv:du'\l devmtlon (of mass zero), thc sequence of 1mm«eq10/u

4 .

f)’w‘l[ ‘ﬁw



it %ndﬂfﬂnﬂfﬁwewm/p I

I Are

C (fv (o) dv)T_ +» on which the monopolist’s prlcmg decmom jaust-by sub- - N 1 1t
- g'}me_pcnfcchon_bf based, remains unch'mged by the deviation. Hence, n% [ A tta )
that for some k fwo prices can be subgame perfect equnlnbnum choices  A4f, -4 frr¥ds

(in the subgame); implies that in period ¢ + k the monopolist has two Ehytoan &
distinct ‘best responses to the consumers’ equilibrium strategtes. This A b
certainly contradicts the requirement that the equilibrium be strict. with 2 Abelefen

_respect to almost all players. Thus consider subgame perfection with-
out the strictness requirement: Since the monopolist’s profit function of
period ¢ 4 k always contains a term of the form

/ | S dey

Vigax(o){peyr, 00)
the properfy that- the monopolist has two distinct best reqponqeq can

always be deéstroyed by choosing a slightly different distribution function’ .
of consumers close to the uniform (twist in on (0, 1) \ Vi k(rr) where

" the one-period proﬁl: is linear in peyr).

We conclude that, if v € V(o) does not buy i in period ¢, t]ut any vl < @;,

will not buy. either, uncler the two alternative hypol:hcscs of the Lemma.

Tt follows that VH.}(O) is an interval, if Vt(cr) is an interval, such that

: o L _ |
i1'1t V‘H—l(‘U) = (infVy(0), maxg=y,... T_tpr(ﬂ)l 5;41(0 ), .

for all £ = 1,..., T — 1. - Now clo'uly, Vi(e) = [0 1}, vy(o} =
infVgy(o) = met(o), imply inVy(0) = 0,4 =1,..., T, and vey, ry) =
supVyy1(0) < supV, (o) implies 0 < v,_“(a) < vt(a) < 1, as required.. Of
course, this wag defived under the assumption that not nl] v € Vi(o) buy.
‘in period t in equilibrium. If they do, then Vigi(o) = 0, vigi(e) = 0,
- venﬁe‘s the clalm of the Lemma. §

Subg'\me perfectlon enters the proof of Lemma 1 in an essential way,

" because it is required to keep the monopohst from iine'\iomng with
pumshmcnt” price choices which are not or not generically best re-
“sponses at the corresponding lnformatlon scts. 'A short comment on the -
* notion of a generic game, as USed above; may be appropriate here also:
" The reader may wonder, why "non-generic” was defined in terms of the
_ distribution rather than, say, in terms of discount factors. The reason

for this is simply that dlscount factors have no role to play in the final
*period t = T. And although onecould presumably apply similar Argi-
ments in terms of dﬁcount f'u:tors for any period ¢ < T this does not

'Strlctly qpcakmg this argument. should be |terated backwuds, startmg froin period
t=7T- -1 For the sake of brevity, we have avmded thnt
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" from the above, which implies

. § po 1.
1—64(5 - 5-)?*-? sA-pa>0 =
. S
EES 1,———.6l—f~§a¢>_’2—70¢> gﬂ.g,
- as required. | |

Pli.OOjF OF LEMMA 3: (i) From pt = Fi(pi-1) one has _

Py

Pr-1 — 6py P 501 o
—_——— = (14 1 —=—— |y =
o Py ) ' ’
1'—6+‘g‘0.f_tl"

Consequently, the inequality (i) ']:olds, if and only if

Pe—2. Pr- "=‘ | lagpia
=6+ 8aiy " 1-6+%a (1-8+3a)(1~6+fa),

Y 1 -
= 1- 6+§a; >‘_§a;—1; %
‘Usin‘g‘ the. definition of ci.ti| the"lattgr illé(juali.ty reads
s 1 (-84 ta)
=64 zay > = 2 =
BT e T

=8RG -4 Ga) =
'1—-".6+ga,>gdf-. v
which is Lemma 2, (). |
(i) The definition of F implics that
o

'- N L5 . ' |
itk = . Vk=1,...,T -1
P+ .,-1—=[[]1_6+g'11+?c—jpt3 e . t 1_

- such that . R
' ' Pe— 8Pk P iy
160 1.—gk+t

T

15 -



can cquivalently be written as

N >

| (1_5*2 kH,,_ (1—648 Sagyioi)”! aw_,.)
- " 16 !

11— gh+1g-k- ‘H,_D(1—¢5+ Saiigie :) Otbklzi
> ( B - )

which is equi_{fa.lcnt to : S
1 sk a*(1 5"*‘)2-* H(1 _ s+ 5Tk .) arpr—i >

i=0

s

>(1 — (Sk - 6}‘:“(1 — (5’:)2_""1(1 -6+ iiﬂ.g.}.k.'.]')ul,ﬂ.i_'.k.;.j ><.
. k ] . 6 ) . -.:. : - . .

i[)'

which, ﬁnally, is equivalent to

1-54-0:.&. 1§t
k- . .
2 H C0epkoic R |
1= 5k’ _ %”H-H--I _ 5“' + *“Ltf?urku v
1-6 1-—‘6+éﬂ’-1+k+1 1—64 ﬂi+k+1, ' -
The latter moqtmhty w1ll new be demonstmtcd I)y induction. Let k'= 1;
then ‘
1—6—! —a | 1—(5?—I—'— o ‘
t4-1 N aryz — . ‘ - v
Ut-!-l 1—6-!— aH_g C ‘ .
2(1 —6)[1 —6+(— ~,£)ﬂt+2]+6[1 —6 *‘ C!H.g] 7 (52 o
>1- 5 + o L
16414 LT : : 2
e 16+ Sas La | U | :
Sk gman > g, R
\;\rhidrié Lemma, 2, (11) Next ass‘ume
Ry - B, |
Azkjwl H 2 ‘H‘k-f—t > . '2 "tk '. ‘,L
Qgpk—1-i 11— 6+_gﬂ(+k -

i=0
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" rule-out the posqlhlhfy that the mmlopohst has two best responses in

-the final period. (Stntfness with respect to almost.all plnyorq of course,
rules this out immediately.)

" The next ingredient to the analysis is an, at this stage;, purcly fmnml_ :
definition of a sequence of coefficients, le some T, 1 <T < oo, and

dt,ﬁmg recursively the sequcnce (a,)t_, of cocfficients by

1-848a40)? |
ay = ( t3 U'z-H) ar =1,

1—5+(-—E)ﬂt+1 ,_ -

Cfort=1,...,T—1 'md for 6 € (O 1) and p € (0, 1). The properties of

these coe[ﬁuvutq are given in the next two: ]cmm'\s the ]noofq of which . -~

can be found in the Appendlx

[

LE'MMA 2.

(i) 1—6+§a¢>
S 2

5 | o
(i) 1—6-}§a¢>gag,b’t:1...,T;._

a,,Vt—l '1

(i) 0<ar<2,Vi=1,. T

o (PIIO(JF see Appcndlx )

Usmg these coefficients now define the sequence of functmns ([,), 1
§R+1 = Rppi by |

1

F, 2%
t(p) 1-—-6—{-6 p-

B LEMMA 3. If p = (IJI,---‘,IJT) € .§R++ sati'sﬁgs Po= Fpi_y), Vit =

» Ty then
=4 Y s
A(l.)‘r.Ptll-épt_‘(th 21_;% 1 VthS , T
' e _ 8k _ k+1 | '
(i) P SPuk p 8" ek k=1, T—t-1,

16k N
V=1, T -1

(Proor: see Appendxx ).

This completes the prep'l.ratlons and allows us to state the main The-
_orem. - ‘ ’ '

',{n () -x«u.o.d...f..vg ” :
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THEOREM 1, The durable monopoly game has, for any fixed, finite T,
a unigue subgame perfect equilibrium outcome which is strict/willite-
spect to almost all players and which gencﬂcaﬂy coincides with the only,
“ subgame perfect equilibrium outcome of the game.. This unique outcome
can be caracterized as follows:; '
S(i) In any periodt =1,..., T— 1 all consumers; who hmfc not yet boughf
in-any previons penod T < t and have a reservation value v € [0 1] sat-
'Jsfwng L '
- B . Pt"‘fSFHl(Pt)

‘ X 1—-46 . . L
“will bny in period t; 'and all consumers, for whom"fheﬁ above strict in-
equality is reversed (<) will wajt. In period t = T' all consuiners, who
have not yet bought and Imve a.reser Vahon value v > T will buy, and
all consumers v < pywill not buv - _
~ {11) The monopoelist will i any pvuoa’ t=2,...,T sct a p.ricc Pe =
F(p t..]) and’ WIH in peuodt = 1 set the price py = lnl ' -

“Proor: The 1(]@1 of the proof is to invoke Lemma 1 which. gcnoumlly
‘and under strictniess with respect to almost all players allows s to use
vi(0) = sup Vy(o) as a state variable; and calculate the equilibrium by
“backward induction. Thus the pmof is ('nnqhnchve 'md tiniqueness is
guaranteed by Lemma 1. '

Lett=T. Cl("\rly by subgame perfection '1pplwd to the last C;lll)gdm(" '
of period T, any v > pr, v € Vy(a), will buy and any. v < py will not
bity. Thus the monopolist’s problem in the ﬁrst subgﬂmn of pmm(l T 15
to clmme pr such as to maxinize ‘

m7 = pr max {0, vT(U) pr}).
The ﬁrc;t order COIlditlon of this problem reads for UT(G) > pr
‘UT(C") - ZPT = 0
1 1
= pr= —vT(a) SarTvT (cr) < vr(o),

with second order cnndition —-2 <. Such a choice yields a profit of

A
-

11'7(1?7 (n)) —vq(o) = iaq"qu(ar)2 >0

which is strictly lm'ger thn’.n zero, if vr(o) > 0, and thus a unigue best
response. In period ¢ = T'-+1 for all consumers v € Vy_((o), who satisfly

. ' _ pr—1 = opp-
. . py 27 FL

,f-': 7



it is the unique best response to buy in period t = T — 1, and for all |
v € Vy_i(v}, who satisfy

: v<l11—1“‘6PT : Wéu MG‘ {{
(b ol bbb L2059 h w |

_ lt is lhe unique best response to wart.

{onsequently] -

-~

6 . . — év Lo . .__ C
v?(o)—jp pru‘m 11—267( )=1p]61/2‘>0'
R ey ‘“’?{”‘; ' o
#V* pr= 20 107 pr—1 = Fr(pr-1)
—8/2 | 1~ § + Ef'r : : "
verifies the monopohsf s pricing rule for ¢t = T and vy(o) > 0.
~ The above lmphcs the value function o ‘ ) /(1
41’1—1 , ' 3?“? 2 S ,/a/mpcl

“\_'

QT(}JT_l): - 5/2)2 = (1—6.+'é0- _)21)4',_1_. N : (nU’I /F ! )

 Now assume that' for some t +1 < T one has anng the equlhbrmm path
Pt+k(0)_FHL(Pt+k 1) Yk=1,...,T =1t and o

lﬂ"“ ' 2;10 . (0)2
(1 _\6_'_ (If+1)2 4 ‘t+17‘ t"l"l

. H(Pf)

as the value function for the nionopolisf s ploﬁt‘; from period ¢ + 1 on-
wards. Consider the last subgame of period ¢, where consumers v €,
Vi(o) decide, given pt From the induction hypothesm P = Frpi(po)
are rational cwpcchtmns, and it follows that for any v € Vg(o’) wlm

satisfies
L D= «5Fa+1(p:) -
k V 1 ._-., 6 .
it is the uniqué best response to buy in period ¢ at py, because ‘

pt = 6Fepa(pr) N S pre
T-§ - 16

forall k = 2,... ‘T'—t, from LemnnB (it), and the m(lurtlon Lypothesis.
For any v € V,( ), who sa’rl‘;ﬁes

Pt _ §F, i1 (pe)
X 1—.5 !

8 :
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it s % best f—lmee—%w!avmt fgr—atmleast—tff:“ - Thus

pe=8F(py) I '
16 1—5+ (IH]'

| Conchnonfly, l:he monopohst s problem in the first subgame of pormd b
is to dmoc;e pe such as to maximize -~ :

L.

- Ut+1(")

2 )
Pt ; ‘ O'Hl ‘2
= i\ — ‘ + -
me -.Pt[ (o) 1 - 6‘+6ﬂ¢+1] (1—6+—(zf+1)2

1—6+("—e)01+1 2 _

= reoe) - (1—6+ Fain)?

-'lf this quantity is largvr than what can be obtamed from pi > v ( )
* The. first order condition for tlus problem is - !

vt(g) Pf : .

.t

w1th second order: condltlon —2/a¢ < 0 l)y Lemma 2, (m) Such a choice
' ',ylelds a profit of :

7 mi(vi(0)) = Zatﬂt(ﬂ)z
and a price py of . o
- 1
pt = §a¢v¢(a) < vt(a)
.as the unique best response, by Lemma 2, (iii). In order to see that the -
monopolist does not h'we an incentive to set p, > v¢(0), observe,tliat, if
‘he clocs then Uf+1(0’) = v(o) implies
mi(vifo)) = pﬂ,+1(v:+1(0)) = PW:+1(i’t(0)) = —Gt+11’t( )2
‘qudl that ‘

L’ 32 (1 5+ ﬂHl)?v:(U)Q .- '
oo <2 (e T

‘ _ .
4=>pa¢41[1-c5+(—-——)at+1]<(1—6+2a¢+1)

-52 e
5 <z>’p(1-6a¢+1.+p(—— )an <(1—6) + 6(1*6)(1,44-{— n”l

| §
y<=>0<(1—6)2+(6 P)(1—6)0z+1+( -5+ z)am

«:%0([1—64—(——1)3!-!—1]’ B | | : 1[1



" by Lemma é,‘ (i)- By the same ’argdmeﬁt as above, the consumers’
optimal behavior in the last subgame-of period t - 1 yields

- Pt — sa.v(e _ :
ve(0) = 't ..,1 26! o ); i 16 t \, .
. : - _— 1 -6 + iﬂ.i
such that . ; Co
| 7 (peot) = —%a' " -
B £ T = fa
I’ .y verifies the value function for period £.- Also tlns verifies
-1 1o, o S
. —% Pt = saw(s) = _gt--m 1= Fi(pe—1). b
vl l -8 l— _ . ‘
2 This completes the induction argument All that remains tu be showu . (9) P "’;ifﬁ)

)5

A
/

is }4 (a) <. Vet (al But this follows from

‘Ut( jm]?g 1— 61): %pg -2 — ép‘, "“*U-t-l»l(a) | I_' > U'jl'gn.

A-d
_ o J_ ,
P = Ff(I)f 1), and prhr = F_ 1(1’: ), and Lemia 3, (i). This (‘nmplofm J f
the verification of the subgarme per rfect eqmllhrlum strwfegles ' o .
Observe that the equilibrium constructed above is one, where all play- I W r-f

_ers play their unique best responses. # *\g'unst the ethbrmm strategics
of the other players except for the finitely m'my consumers, who satisfy ﬂj\) /fj}
v = v(c), for some t = 1,..., T.. Since finitely many poiuts in the /J}h M‘m

" unit interval havefineasure zero, this eqmlxbnurrFq strict with respect f} L/\ﬂ?
to almost all players, and thus its oittcome (i1p to the belnvmr of the

~ finitely many indifferent consurners) is unique by Lemma 1; as rcqmred L (% 5“ e - )
- by the Theorem. I 7

VR e

4 (YM "

The eqtnllbrmm conc;l‘ru('lfed in thc proof of Theorem 1 dlsplayq the
Vfollowmg recursive properties: '

. (1) o) = %ﬂ-zt)t(d‘) =lF¢(pt—1(Q)), 'l pl(o) Q—_._le-a';.; ‘-

- - et 1—6+ Sa)ve_ () _
() ()= et o Dot Ael) )y
T I=bt e 21 -8 (5 - D)
o - 1 | la:ﬂrrl'n—l(.o') . o .'(11
8) mito) = gaedo)” = 1—4642%— Da’ (0) T

()nce the chnpme of cnefﬁcnents (a)7., is calcuhte(l Pqn'\hmw (1)-(3)
nllow a simple caluthtwn of the three important varlables of the game:

i
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.prices, active consumers, and profits (along the equilibrium path). Since

- the a}'s only depend oni T, it is possible to write p,(T), v(T), and my (T}
instead of using ¢ as the argument, Observe from (1) that prluﬁ '11\& ays

decrease over time, because

1 PR
) Eﬂf < 'll—‘~ﬁ6 4-\504 ¢1=> €ty <.2,

from Lemma 2, (iii). :
Compamtlve statlcs can also be easily done with the hplp of equation
(1), As intution sugg(sts a more pahcnt mnnopoll‘st wnll set higher
prices. :

. PRopPoSITION 1. The more patient the monopohsf is, the hrgher are the
pnces ie. dp(TY/3p >0, for aH t = =1,. ,T. - : ~

‘PROVOF. First observe that

G i-s Sapr . 1 5 '
dp (1—6+( wf)a,H)zi ( 7 + 5t

2
50 5+(*~")0:+1)+ 2oyl

such that by Lcmnn 2, 6a¢+1/3p >0 lmplws anf/ap > U}-qmpiymg_) ‘

: 60;/6,0 > 0, Vt =1,..., T -1 Now from (1).

e . (1_5),,,1 day - Opey
dp 2(1—6+ 2012 Bp 2(1—6+ a,) dp ’

e

'sm.h that Bm/ap —aal/ap > O lmplles apt/ap > 0, for all ¢ ="

1,..., T, as. 1eqmrcd 1

Conclusmns on the re'\ctmn of prlccs to the time pr(‘fmeuce parameter

§ of consumers aré not so easy to ha.ve, because § enters the definition
of F, directly rather than only through a, and p;_1. Such conclusions
- will be casier to derive from the limiting solutioh studied below. -
"Theorem 1 reveals, why the traditional wisdom that the monnpohqt
. has to price competlhvnnly, because his own agents of different pmmrlq
compete against cach other; does not hold in the present setting: The
" Bertrand-type competition of the monopolist’s agents across periods is

an artefact of stating the problem in an infinite horizon in the first place,

rather than considering the limit of the solution for finite T .(where T
i3 the number of subperiods in a time intetval of fixed length}, when

the grid on a. ﬁmte tnne interval becomeq lnﬁmtely ﬁne, as it was tlm

11
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‘case in-the mlgmal Cowqe Conjccture When thc hm:hug solution for
finite T is studied, T — oo, agents do not compete as fiercly anymore,
becanse the possibilities of a precommitment increase over time: The

agent in the last period has, by subgame perfection, no other option

‘than behavmg as a one-shot monopolist against the remaining set of still
active consumers. Because rational expectations obtain in r‘thlnmm,
the monopolist’s
T 1s commited ko do ‘so, and can, therefore, pil(,e -discrimyinate.

C-(ISCILL,
-~ structure 1mmvolq hackwards. ° Tho consequences of this are that, as

there are more subpériods, the monopelist'’s overall profit more and more
resembles the profit he would gain, if he would wait for l;lw Iast ])(‘Ilt)(l

where he behaves monopolistically.

The next proposition pins down, what these rmmukq suggest. Lot now
the time horizon be norinalized to 1 and consider the durable monopoly
_game in T subperiods of length A = 1/T. The appropriate discount
factors are-now given by : L _ X

' 6:\12_"7&, p=e A 450, R>'0.' j

Although players do almost not d:qronnt from one subperiod to the next,
they do discount over the entire time horizon from ¢ = () tot =1, whvn
A—0 - _ o L.

Pnopos'mom 2 (ANTI-COASE- Cowmcrunn) IfA — 0 ie. T — 00,
then am — aft ) = e‘{p{Rt R} Yte (0 1}, and - :

w*(’o) - Jf_nlagﬂ#;(lj/‘A) =e /4 >‘ 0.

PROOF: Rewrite the deﬁni'tion of the sequtence of coeflicients (a,)7., as

Ay—rp = (1 _ -rA * le_i‘ﬂ‘[dl“'TA;A)z ‘-(I.l. =1
’T - {— —rA_}_(l _’."A—%B_RA)G]-—rA.{,A, }
forall7=1,..., T— 1. Then
Oy rnnn — b | R e 7
Gl R
o ) —;A R . : '
x{(t=e" +(Z Jar_rata)ai—raga-
B Zra e_m N2
= (- 5 ay-rata)’]

s agent of p('xmd T - 1 knows that the agent of period
This -

el
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~ Taking limits, using L’Hoépiha.l, yields

raA -ta

(1= o)t (5= = %)a? —(L—e7® 4 S~

lima . : 4 : . e =
o A .0, R A(l—e_rA—'-(e ra R e—RA) ) ) .
S : - erA RA S
—lima gfre=m0a - (o R Ty —21-e P4
S 2 4 o
A A s, - SR (7. '
e Ry G
A . —FA R . i . ' - o ) ‘
4A(m o _re . fe )a)]—"z Ra, .
| S ! . |
such that a(t) I?o (1), a(1) = 1. This differential equation has'the _
solution a{t) = e‘q){Rr' R}. This-implies from (3) that 7 ({)) = o

lima gni(1/A) = a{0)/4 = R/4 as reqttired.
It is.of some interest to calculate the limiting paths for prices and the- _
sets of active consumers. From (1) the pricing equation can be written 1-{ Ra- K

“This yields from

l_-_l_i_ewra— e2

T *‘(") S ) o

AM‘ '—r(l——2/a)<0 a € (0, 2),

the differential equatlon p(t) = r[l - 2exp{R Rt} p(t), wnfh initial
con(’utlon p(0) = exp{—R}/2, which has the soluhon '

4y p(t)_lpxp{,,_?_’enu =™~ R).

_This provides for the limiting case . an interesting extra part to Propo-
sition 1 for constimers: The more patient consumers are (the smaller » ‘
is), the higher prices are, because Rt < 2eR(1 e ™), Vit € (0, 1]. Thns
consuiners, who do not mmd waiting, make It easner for the monopo]mf
to let prices drop more stowly.. s co

By an 'm'mlogous procedme as for prlces ohe obt'nns from (2)

1 - e 4 3¢ “Aaiara)via : /

. = - ) o= 15
Lvata s T8 4 (e8] ~ e~ T8 D)ara1a) UA .
1.—rA 1 1 e—thg 4 1o-RA
se -3 e "a a : ‘
lita g 2 2_ i ‘—‘21‘/a <-R, V.

St :s:::i._t.gs:f‘_/?_:f;fi‘i@“) T

o z//w,uu



s ifae ((] 2), such that v(t) = [1 - R 2r EXp{R Rt}]v(t) wnth initial -
: condlhon v(0) = 1 yields : v’ .

(5) ‘ v(t) —EXp{(r __ R)t - -——en(l -m)}. : V ‘-

Note tlnt v(t) will always satls‘fy v(t‘) € (0, 1) Vt € (0 1], because
v(0) = 1 and (1) < 0. Since v(1) > 0 there will always remain a non-
empty sct of unsatisfied consumers, and - depending on r and Il - this-
- set may even be larger than in the one-shot game (this will for example -

be the case, 1f1n(2) >Randr < [2(e - 1) R] ‘[R(ln(?) I?)] lmlds)

APPENDIX A

" PROOF OF L]"MMA 2: Let t =T;then ar=1, auch tlmt 1~ 6 I»fﬁ/‘Z =
1-6/2>p/2> p/dand 0 < oy = 1<2 hold Then in order to apply .
. mduchon assuine th'lt ' : '

o 5,
. (’L')l~ ]. -6+ =ty > £a¢+1,

2 .4
(') 1-—6-!—-50.‘“,3 > ga.g_H,

Gii)) 0<aypy <2
Tllell‘(ir) implies a, >0. From

8 (I-8+%a?
: ‘551—64-(-—2) [(1~—6+ a){ (1—6 I—(———)a)+

_— u—mm—6+v—wn-oﬂ§$

(A-b )i =Gk B8
> 23 H—6+@—ENP >0,

' (wlnch {follows by using $(1 -8+ (4 -2)a) > (1 - g)a e 2>a > 0)
it follows that (ii1') 11_nplle<; I ' ' o : ‘
N : l
1 p/2
where the second meqnahty follows from p < 1. Thus (¢ ) 'mrl (m )

imply (ii1).
“Finally observe that -

<2,

’ & p s 1 ‘
53[1756+(§--z)af]—5q¢—1<0,
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This iinplies o R .

. “ // . . i . )
ok kl—_-[] 1-6 +'gf’»r+k—i S 201 — &%) + 5"a¢+_:k - v’
Pl Apyk—i R TN ’

21— 6*)1 =64 (§ — D)acyrss] + 84 [1 — 6+ "t+k+1]2
*{1—5+ e’

: § &
=[-8+ §“f+k+t)[2(1 — &%)+ 5k(1 - 5"‘ “"t+k+1)]—

]
-3 Pa-¢ )ar+x+|][1 ~ &+ 2Gt+k+1]

=gk ~—-—a.+k+1

>

1 =68+ Sarrsy

because the second (wea.lc) inequality is equivalent to

) s t(—6b)a
2(2 5)+‘5 (1-5+20t+h+1)“( )[+Hl>

6+3 FAUHRAT

S o
185y w,j-»awk-n = . v
1-46+ 5014.&4—1-2 gﬂHHr - . ‘ v ‘

“which, again, follows from Lemma 2, (ii). 1
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