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1. INTRODUCTION

Consider a Stackelberg duopoly with firms choosing quantities. Un-
der standard assumptions the firm which is the leader is better offin the
subgame perfect Nash equilibrium of the Stackelberg game than it would
be in the Nash equilibrium of the associated Cournot simultaneous-
move game. Now suppose that the follower, instead of observing the
leader's choice directly, receives a noisy, but quite accurate signal about
the leader's choice. Then the only Nash equilibrium in pure strategies
generates the same outcome as the Nash equilibrium of the Cournot
simultaneous-move game.

This observation is due to Bagwell [1995]: In any (finite) generic
two-player game, where one player, the "leader", moves first, and then,
after having observed a noisy signal about the leader's choice, the "fol-
lower" decides, the pure strategy Nash equilibrium outcomes coincide
with those of the associated simultaneous-move game. This has been in-
terpreted as showing that the first-mover advantage is eliminated when
there is a slight amount of noise associated with the observation of the
leader's choice.

Such an interpretation, of course, depends on the validity of noise in
the signals that the follower receives. Consider, for instance, a monop-
olist setting a price for a number of (identical) objects which (a finite
number of) consumers may buy at the quoted price. If there is noise in
the observations of the price, then some consumers may find themselves
accepting a bargain that the monopolist has never offered. So, whether
or not the introduction of noise into the observations of the leader's
choice is a valid procedure, depends on the situation which is modeled.

But even if noisy signals make sense, subsequent analysis has shown
that it is the focus on pure strategy equilibria which seems to eliminate
the first-mover advantage. Call an outcome accessible if it is induced by a
subgame perfect Nash equilibrium in the game with perfect observability
and every game with sufficiently small noise in the observations has a
(possibly mixed) equilibrium inducing an outcome close to the accessible
one. Hurkens and van Damme [1994] show that for any generic two-
player game the (unique) subgame perfect equilibrium outcome of the
game without noise is accessible. They also show that the approximating
mixed equilibria in the games with noise get selected by an equilibrium
selection theory in the spirit of Harsanyi and Selten [1988].

The present paper adresses the issue in the general set-up of n-player
games. Any such "one-shot" game can be transformed into an exten-
sive form game by splitting the player set into two non-empty subsets,
the "leaders" and the "followers", such that leaders move first, followers
observe a possibly noisy signal about the leaders' strategy combination,



and finally make their choices simultaneously. Payoffs need not necessar-
ily be generic, so extensive forms underlying each of the two interactions
among leaders and amaong followers, respectively, are allowed for.!

We show that one part of Bagwell’s [1995] observation continues to
Lold. In particular, equilibria of the “one-shot” game in which leaders
play pure remain as equilibria in the games with noise. But also the
result by Hurkens and van Damme [1994] continues to hold. If the
underlying “one-shot” game has generic payoffs, then for any partition
of the player set into leaders and followers there exists an accessible
onteome.

By means of examples we also show that these results are binding in
the following sense: For non-generic payofls there exist two-player games
which have no accessible outcome at all. Moreover, there are games with
non-genceric payoffs and with more than two players for which even a set-
velued generalization of accessability fails to exist. Finally, games with
several followers and with generic payoffs may have subgame perfect
equilibrium outcomes which are not accessible.

The paper is vrganized as follows; Section 2 contains definitions and
notation. Section 3 gives the positive results which generalize the two
results from the earlier literature. Section 4 contains the examples, all
of which, except Example 1, are negative in spirit. Section 5 conciudes.

2. DEFINITIONS AND NOTATION

Let T = (S )hen, (1t ien ) be a finite normal form game with players
i € N = {1,..., n}, (finite) pure strategy sets 5;, § = x;en 5., and
payoff functions u,: § — R. Mixed strategy sets are given by A(S;) =
fo: 5 = Ry | 2,65 0els) = 1), with the space of mixed strategy
combinations 6(5) = x;enyA(S;), and payoff functions for the mixed
extension U,: ©(S) — R are defined as usual, Vi € N.

For the “one-shot” game I let 42: B(8) — A(S;) denote the best-reply
correspondence for player 1 € N, and let 3% = x,gnf7: B(S) — O(S).
Denote by E{T') C ©(S5) the set of (possibly mixed) Nash equilibria of
T,ie, BE(T') = {c € &S) | 0 € °(c}}. For convenience identify S;
(S) with the set of vertices of A(S;) (@(S}), ¥i € N. The game I' is
called generic i u;{s) = u,(s') = s=35" ¥s €5 VieN.

Partition the player set N into two non-empty sets, the set of “leaders”
I and the set of “followers” ¥, JUX = N, INE = @, denote 57 = x /5,
and 57 = x5S, and define the eztensive form game G as follows: First

TWhat ts not aliowed for is that one player moves at both stages, i.e., one of the
leaders and one of the followers are agents of the same original player. Under perfect
recall this would conflict with the informational assumptions on the extensive form.
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all players ¢ € I choose simultaneously their pure strategies s; € S,
Then all players i € I get to see s/ € §' and choose simultancously
their pure strategies s; € Si, ¥i € J. Payoffs at terminal nodes arc as
in I'. The normal form game that corresponds to & is denoted by .

Let K > 1 be the number of strategy combinations of leaders, & =
|S7|, and T a finite set of {ypes with the same number of elements as ST,
|T| = K. Let A be the set of Markov matrices A = (Aadir, per=sr =
(Mt | $))(1, syerwst, ic., A satisfies A(t | s) 2 0, ¥(t, s} € T x 57, and
PierMEls)=1,Vs € 57, The set A will be the parameter set for the
families of games defined below.

For t € X let F; be the set of all functions f: T — &, and denote
by £° = {f € Fi | f(t) = f(t'), ¥(t,t') € T x T} the subset of
all functions which are constant in types. Product sets are accordingly
denoted F' = x;eyF; and F® = x,zF?. Next, let A(F)) = {o;: F; —
Ry | Yjer 0i(f) = 1] be the set of mixed strategies and A(F?) =
{oi € A(F;) | supp(e;} C FP}, for all followers : € 1. With the product
sets O(5Y) = x,c1A(S:) and O(F) = x,;cgA(F,) define © = 0(87) x
O(F). Finally, denote ©(87) = %z A(S;) and B(F®) = x,cfA(F?),
the vector of strategies of followers f = (fi)ier, and

o'(s'y = [[edsh), vs' e 57, of(f)= [Iets) vier

ef e f

For followers : € I every mixed strategy o; € A(F}) induces a behavior
strategy b,(. | 1) for any type t € T by b(s, [ t) = rerin o wil ),
Vs, € 5.Vt €T, where F{t,5,} = {f ¢ Fi | f(t) = s, }, V[4, 5,) €
T x 5,. The induced probability distribution on §% is B(s7 | 1) =
Meer bids? 1) ¥{sT, ¢} € ST xT. Denote by b(2) € B(57) the behavior
strategy corubination of fullowers 8(t) = ((bi(s; | £))a.e5, hicr given type
teT.

Associated with any A € A there are two games: First, a normal form
game I'(A) = {({S.)er, (Fihes). (v})ien) with (pure strategy) payoff
function v}: §' x F = ® defined by

t:]‘x(ﬁf, f] = Z Alt I s‘,)u,(s‘r, f(f))! Yie N,

el

with a mixed extension with payoff funetions V;*: @ — R defined by

V)= 30 a0 N st 1w, $T) =

1t €S’ teT Fesr
= Y adished () 3 D0 Mt sDlu(s!, sTy,
(s, lEST et SFEST 4o (o1
3



for all i € NV, where f~1(s¥) = {t € T| f(t) = sT).

Second. there is an extensive form game G(A) defined as follows: First
leaders ¢ € f choose simultaneously their strategies s; € Si, Vi € [
Then, given s! & $’, a chance move sclects a type ¢ € T according
to the probability distribution Mt | '), ¥t € T. Finally, all followers
i € F get to see t € T and choose simultaneously their strategies s, € 5,
Vi € I, in response to the type. Payoffs at terminal nodes are as in the
game [(X).

On the parameter space A define d: A — [0, 1] by

1 . .
d(A}= 31+ max er minesr Mt | o) - mincerm st Mt | )],

and denote by ma(s) = arg maxer A(L | £), V5 € 51, the signal which
occurs with maximal probability after s € §7. T d(A) = 0, then
EiN o7 AX ,e 50 Mt | 5) = i implies from 3}, At |s) =1, Vs € s,
that A is @ permutation of the identity matrix and thus has full rank,
rank(A) = K. If d{A) = 1, then maxqermin,esr At | s) = 1 implies
from Y cp At | s) =1, Vs € 57, that A has a single Tow of 1's and
zeros elsewhere, thus rank{A) = 1, and there is a single type that occurs
with probability 1 conditional upon any strategy combination of leaders.
Define int{A)as the set of all A € A with Mt |s) >0, V(t,s) e T x st
ic., ull types always oceur with positive probability. There is neise in
types whenever A € int{A).

Clearly, T(4) is the normal form associated with the extensive form
garme G(A), VA € A In particular, if d(A) = 1, then (A} is “strategically
equivalent” to T, and if d{A} = 0, then T(A) resp. G(A) are “strategically
cquivalent” to . Despite this “strategic equivalence”, the extensive
form game G(A) is radically different to the extensive form game G,
even if d(A) = 0. The number of terminal nedes of G is |S] = 1S7]| 574,
while the number of teruinal nodes of G(A) is {S72[52), for all X € A.
Moreover, the number of nodes in an information set of a follower 1 € If
in G is at most as large as the number of strategy combinations of the
other followers, while in G'(}) the number of nedes in an information set
of a follower is at least as large as the number of strategy combinations
of leaders.

Denote by 3}: © — A, the best-reply correspendence in the gare I'(A)
for player : € N, where A, = A(S5;}, Vi € [ and A; = A(F), Vi € I,
Y4 €A, and let g% = x,enf}: © — O, The set of Nash equilibria of
P(A)is BTN ={e € @ | o € o)}

Denote by g5 = xicg8?: O(S) — B{(ST) the best reply correspon-
dence of followers in the “one-shot” game I'. A subgame perfect Nash
equilibriumn of G corresponds to some ¢ = (o', ¢f) € © such that
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o & E(I'(A)) for sume A € A with &()\) = 0 and the behavior strat-
egy corlnbinations bt} € O(ST) induced by of € O(F) satisfy ¢) €
By(m3 (), Kt)), Vt € T, where my: 5/ — T is one-to-one beeause
d(A) =0. _

Beliefs at information sets ¢ € T of players 1 € J in the game G(A),
A € A, are defined by

al(sh) At ]s))
Yrees o(s) At 5)

pilsT | t) = vs'e s,

whenever this quantity is defined, and arbitrary otherwise. Obviously,
si(s? | t) is determined by the above whenever the probability that in-
formation set ¢ ts reached, Peess al{s) At} 5), is positive. If A € int(A),
then every information set t € T is reached with positive probability and
in this case beliefs are independent of i € I.

Let A(5) ={p: 5 &, | 2 ses5¥(s) = 1} be the set of probability
distributions an 5. The mapping ¢: © x A — A(S) defined by

#o. ) = {o € AS) | wls) = o (s) STA | Yoo [ 1),
€T
Vs=(s', M) e 8}

gives the ottlcome induced by ¢ € @ and A € A. Note that the outcome
induced by a pure strategy combination (s7, f) € §' x F need not
be pure (need not be in §) unless f € F°. Also define the mapping
P: A(S5) — 0(5) by

#(p) = (Bi(@)en = (( > v(sv-,S-)) ,
NES,

- €8,
EN

where s_; denates the (pure) strategy combination of all players except
player iin T, and §_, = X, 5

Finally, call an outcome ¢ € A(S) eccessible if
(i) there exists a subgame perfect Nash equilibrium of G which induces
© € A(S), and
(i) for any sequence {4}, with A, € int(A), ¥r, and d{A,) —, .o 0,
there exists an associated sequence {07} with 0" & E(T(A,)), Vr,
such that ¢(e”, A;) —._ v € A(S).
This completes the required definitions.
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3. PosITIVE REsSULTS

The first result makes precise what is meant by “strategic equivalence”
between T(A) and T for d{)) = 1 and between I'(A) and I'g for d{A) = 0:

PrOPOSITION 1. (2} If d(X} = 1, then o € E(I'(A)}) if and oniy if
&(d(o, X)) € E(T).
(b) If d{A\) = 0, then o € E(T())) if and only if ¢ € E(I'g).

PROOF: (a) Assume d(A) = 1, so there exists a umque type t E T such
that At | s) = 1, Y& € S, and, therefore, v,(s, J) = ui(s', fit.)),
YieN lfoe E(F(A}), then V(o) = Ui(ol, b(t,)), ¥i € N where
b(t € O(s7) denotes the behavior strategy combination induced by
of ¢ O{F) after the type {,, implies from ¢(o, A)(s) = a'(s7) (s | t,),
vs = {s7, 1) € 5, that ®($(o, A)) € E(I'). Conversely, if & € E(T)
and ¢(s) = o’(s a¥(s7), ¥s = (s!, sT) € &, then for any strategy
combination ¢% € O{F) for the followers which induces b(t,) = ¢ one
has (&7, o) & E(I(X) and $((87, 27), A) = .

(b) If d(}) = 0, then for each s € 5! the most likely type ma(s) € T
is one-to-one from strategy combinations of leaders to types and occurs
with probability 1, e, ma{s) = ma{s') == s = s, Vs, s e 5
and A(ma(s) | s) = 1, ¥a € §7. Thus, one can replace for all followers
f. € F; by f,omy, so [(A} and ['g are the same game. §

Of course, if d(A) < 1, then followers may correlate their strategies
and, thercfore, such a game ['(A) need net be “strategically equivalent”
to I

If A € mt{A), then in G{A) any information set t € T is reached
with positive probability. Therefore, any Nash equilibrium of I'(A) in-
duces a sequential equilibrium [Kreps and Wilson, 1982] of G(A), for
any A € int{A). Sequential equilibria of G{A) encompass beliefs for all
followers. Beliefs are governed, within the present setup, by the types
which followers observe and Ly what leaders {are supposed to) do in
equilibrium. A Nash equilibrium ¢an be viewed as a situation where
every player learns the strategy combination of the opponents from an
umpire {and behaves optimally). If, within the present setup, a follower
receives conflicting information from the observation of the type and
from the umpire's recommendation, then, if the umpire’s recommenda-
tion for leaders is deterministic (a pure strategy combination) and types
are random, the follower will trust the umpire rather than the observa-
tion of the type. If leaders coutd commit to (a sufficiently large level
of) strategy trembles, they could offset this effect and guarantee (al-
most ) subgame perfert equilibrium payoffs. This possibility absent, one
obtains:

PROPOSITION 2. For all A € int(A): There exists a € O(F°) such that
{s/, o¥) € E(T(A)) if and only if there exists 6% € O(5%) such that
(s',3") € E(T).

PROOF: First suppose 3(s7, ¢¥) € E(I(X)), for some A € int(A), with
of € ©(F?). Then beliefs at all information sets are p{5' | 1) = 1,
Vie T, and behavior strategies b(t) induced by o¥ are mdependent of
¢ EdT by of € ©(F°). Consequently, &7 = b(t) € Ay(s!, aT), ¥t e T,
an

VA, oM =3 a8y 3 a(sT | ust, sTy = U5, a0y >
teT shest ’

> V,-A(EI_,, s, 00y = ZA(: [ 52, 5¢) Z (s V(s s, 1) =

teT sTesr
= Ul{gl_,'; Sy &H)) Vsi € Si 1 Vie I!

imply (57, 7)€ E(I).

Conversely, assume (3/, 1) € E(T'} and Iet ap € Q(F°) be such
that it induces #(t) = ((b {5 | t)Daes)ier = 6%, ¥Vt € T. Then by
construction &(t) € #3(37, b(t)), ¥t € T, and thc above equalities and
inequalities imply that (37, &¥) € E(T'(X)), for all & € int(A). B

The above Proposition generalizes Bagwell’s [1995] observation in
the following scnse:

QOIIOLLARY 1. IfT is a generic game and G has a single follower, I =
{1}, then the pure strategy equilibrium outcomes of I and () coincide
for all A € iné(A).

ProoF: If T is generic and I is a singleton set, I = {i}, then the
follower has a unique {and, therefore, pure) best reply in any proper
subgame of G. In particular, if (s?, ¢%) € E(T'(A)), for some A € int{A),
then u(s? | £) =1, ¥t € T, implies

blarg max, g, ui(sT, s} [ t) =1, VteT,

and, therefore, a¥ € A(F?). The rest of the stitement of the Corollary
follows from Proposition 2. §

For games G with more than one follower it is, of course, not true
that the pure strategy equilibdum outcomes of I' and T{A) coincide,
unless d(A) = 1. Certainly, from the “if” part of Proposition 2, every
equilibrium of I at which leaders play a pure strategy combination al-
ways corresponds to some cquilibium of I'(A) at which leaders play the
same pure strategy combination, for all A € int{A). But, for A € int(A),
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A} may have more equilibria at which leaders play a pure
Y cause follower may correlate their strategles
e extra equilibria of

the game T( : g
strategy combination, be r:
conditional on types. A necessary conditjon for thes

T{A) at which leaders play pure is given by the next result:
¢ > 0 such that for all A € int{A) with

> there exists .
PROPOSITION 3 e (o rAN(S" x O(F)), then there exists

d{X) < ¢ there exists (s!, oTY € E(
be ﬂ‘;(s’, %) such that

R . ; )
U,(sI, B) = max, s, Mgy (al, b Ui(sl,, s b)), Vi€ I.

PROOF: Assume Je > 0 such that VX € int(A) with d{») < ¢ there
is ¥ € O(F) such that (s, 0ty & E(I'(A)). When l_e‘adl_ers play pure,
namely s', beliefs are plsT|t)=1,Vt e T. The equilibrium property,
therefore, implies b(t) € g5(st, B(£)), vt € T, for followers, and

V|x(“;"x (’J] = Z At SI)UE(";Iu b(t)) = maxses; Vi‘\(sf-n Sy d”) =
teT
=maXseSs, Z )‘{t | ‘SI—:” si) Ul'(sii! iy b(t)) d
teT

Zﬁlax,'(_g.. BN begs (s, b) Udsh,, 50, 8),
for zll leaders i € . Since the payoff on the left ha;nd side of the first
of these two inequalities converges to Ui(s?, b{ma(s))) as d(}) goes to
zera, W1 € I, this establishes the desired result. |

So. in the sense that followers play & correlated qui_libfiurr{ against

the p!ure strategy combination of leaders 31:0,0 these eqml:'bna of I‘(z‘\:)1 at
which leaders play pure and which are not in E'(I'), are tied to th.e one-
shot” game T. In a case which is of particular interest for applications
Proposition 3 bas the following consequence:

COROLLARY 2. If G has a unique subgame perfect equililbn'um atrwhich
leaders play pure with associated outcome (§',8) € .g x ©(S§") and
(57, o¥) € E(T(N)) for some A € int(A) and some ¢f € ©(F), then
(', 6) € E(I).

PROGF: Because A € int(A), every information set is re&ched_lwith 1;0?,-
itive probability, At | >0, vteT If leaders choose 8 € 5% in
the game ['(A), then pE ) =1,vteT, uniformly for a,ll. foli_ower.s.
By the assumption of a unique and pure subgame perfect equilibrium in

G, there exists one but only one be ﬁ}(é", b). But then the necessary

condition in Proposition 3 becomes the equilibrum condition for T'. B
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This seems to indicate that pure subgame perfect equilibria of G do
not survive the introduction of a small amount of noise in types, unless
they are equilibria of the “one-shot” game I, But Hurkens and van
Damme [1994] have shown that for generic two-player games there is
always a (mixed) equilibrium of I'(A), for A € int(A}, the eutcome of
which converges to the pure subgame perfect equilibrium outcome of
G as d(}) converges to zero. While their proof relies on a single fol-
lower and on inequalities describing the (single) leader’s optimal choice,
the generalization below uses well-known results from game theory to
establish an analoguous conclusion for the general n-player case.

THEOREM 1. IfT is a generic normal form game, then for any partition
of the player set into leaders and followers there exists an accessible
outcome.

PRrROOF: First observe that the number of terminal nodes of the exten-
sive form game (G eguals the number of strategy combinations of the
normal form game I, H:EN |Si]. Hence, if T is a generic normal form
gane, then G is a generic extensive form game. Generic extensive form
games have only a finite number of equilibrium outcomes [Kreps and
Wilson, 1982, Theorem 2], so the outcome is constant across each of the
finitely many components of the sct of Nash equilibria of the associated
normal form [Kohlberg and Mertens, 1986, Proposition 1]. Moreover,
every game has an essential component which contains a hyperstable set
[Kehlberg and Mertens, 1986, p. 1022] by Zorn’s Lemma. Every hy-
perstable set contains a proper equilibrium [Myerson, 1978; Kohlberg
and Mertens, 1986, Proposition 3]. Since every proper equilibrium in-
duces a sequential equilibnum in any extensive form corresponding to
the given normal form [van Damme, 1984; Kohlberg and Mertens,
1986, p. 1009, among the outcomes associated with an cssential campo-
uent there is at least one that corresponds to a sequential equilibnum
of any assoeiated extensive form game.

For any A € A with d(A) = 0 the games ['(A) and ' are identical
up to a relabelling of the followers’ strategies. Let C C E(T'¢) be an
cssential component. Because T is generie, so is G, and there is a single
vutcome corresponding to C which is induced by some subgame perfect
Nash cquilibrium of G, because € contains a proper equilibrium. But
since C 15 essential, every game I'(A} with A € int{A) such that d{A} is
sufficiently close to zero has a Nash equilibrium close to C, because d is
continuous. Since the mapping ¢ is continuous, the cutcomes induced
by those Nash equilibria of ['{A) close to C must be close to the outcome
induced by {all equilibria in) C. B



4, EXAMPLES

The following example is representative for all .gcneric games with two
players (which by generic payoffs in G have a unique and pure sub.ga.me
perfect Nash equilibriwm). It illustrates the concepts used in t}-us pa-
per and the fact that approximation of subgame perfect equilibrium in
strategies cannot be hoped for, not even in generic two-player games,
EXAMPLE 1: Let N = {1,2} and & = {s}, 7}, Vi € N, with payoff
function u(st, si) = (1, 2), uls, sl) = (2,’—1), u(s], s%.).=.(—l, 0),
and r(s?, s2) = (0, 1). This game I"has a unique Nash equxl:zbnum w:Ith
payoft (0, 1), where player 1 chooses her dominant stmtegy‘ s3. But with
I={1} and J = {2} the extensive form game G has a unique subgam'e
perfect Nash equilibrium with payoff (1, 2), where player 1.chooses 8.
The latter can never he an equilibrium of T(A) for any A € int{A).

Let T = {1, 2}, denote A{t | 8]) = Ay Y(t, ;)€ T x T, and f;(1) =
s, vt e T, Vi =12 fit) = 537", ff(t) = i vt € T, such that
F» = {f1, f2. fa, f). Then I'{A) is the bimatrix game in Table 1.

{Insert Table 1 about here.)

For Ay > 172, %t € T, and A € int(A) the follower’s strateg}:‘lf;_is
strictly dominated by fy and the game (1) has three Nash equilibria:

First {s?, fz}, second

Ay 1

. 2 1 —1_ I

ai{s]) = [ o fiy=1-a3(fa) =1 O
and third

S g e T

ils) = Myt A E 2(A1 — Arz)

The second of those equilibria converges to a1(s}) = 1 anld o:(f1) =
1—oa(f1) = 1/2,as Ay — 1, VL ET, and thus converges tn outcomes
to the outcome of the subgame perfect equilibdum of G. In fact, the
outcome of the subgame perfect equilibrium (s}, fy) is supported by all
equilibria in the connected comnonent of Nash equilibria

{e €@ |m(s)) =1, 04(fi} +oalfa) =1, ay(fs) 2 1/2} C E(Tg).

Two observations are worth noting about this example: First, the
subgame perfect equilibrium of G cannot be supporte(.i tn strafegies
for interior noise, because the follower is mislead by heliefs at the off-
equilibrium information set. Second, for interior noise all three equi-
libria can be shown to be regular [cf. Harsanyi, 1973; van Damme,
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1987; Ritzberger, 1994] and, therefore, strictly perfect [Okada, 1981],
(trembling hand) perfect [Selten, 1975], and proper [Myerson, 1978].
In fact, for interior noise, each of the three equilibria is a singleton strate-
gically stable set in the sense of Kohlberg and Mertens [1986]. This
illustrates that selecting an equilibrium from E(I'(A)}, X € int(A), by
some refinement does not necessarily yield an accessible outcome in the
limit as the noise vanishes. As a matter of fact, it also shows that none
of the refinement concepts which imply sequential outcomes is 1.h.¢. on
the space of normal form games.

While for generic two-player games uniqueness of the subgame perfect
equilibrium outcome of G yields from Theorem 1 that this outcome is
accessible, multiplicity of subgame perfect equilibrium outcomes of &
changes things. For a non-generic two-player game T, even if ¢ has an
accessible outcome, not every subgame perfect equilibrium outcome of
G may be accessible. But, moreover, for a non-generie two-player game
I even ezistence of an accessible outcome of the associated game G may
fail.

ExXaMPLE 2: If T' is non-generic there may not exist an aceessible onut-
come at all, even if there are only two players.

Let T' be given by the 2 x 2-game in Table 2, where S; = {s!, s2},
Vie N ={1,2}.

{imsert Table # about here. )

Define G by setting f = {1} and & = {2}, The game G has a whole set
of subgame perfect cquilibria: The leader randomizes with probalbility
ai(s1}) = a1 € [0, 1] on strategy s} and the follower chooses s} in the
subgame starting after »| and chooses 52 in the subgame starting after
s1. Denoting by{sl | £) = 7,, ¥t &€ T = {1, 2}, and A | s1) = Ay,
V(t,j) € T x T, the follower's conditional payoff given type ¢+ € T can
be written as

V(o 1) = 2eor (A + A2) = Al + 21 — 01 )z — 01 A0 -
For sufficiently small noise. Ay, > 0,Y({4, 3) € TxT,but A, = 0,¥; # ¢,

Aie = 1, ¥t € T, the follower’s behavior in equilibrium thus satisfies
(0, 0}, if oy < A/ + A2),
(z1, 22} = ¢ (1, 0), if Az/(An + dig) < oy < A /(Aar + Aza),
(1,1), if AQE/(A21+A22)<U! -
Denoting X, = Yocer A Te, Y7 € T, the leader's payoff can be written
as

VMat=a[l- X - Xa| + X2 .
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Thus ¢; = 1 implies Ty = r; = 1 which in turn implies that ¢, = O is the
leader’s unique best choice; similarily, g1 = 0 implies 7, = £, = 0 which
in turn implies that 1 = 1 is the leader’s unique best choice. Therefore,
in equilibrium 0 < &; < 1 implies X; + Xz = 1. If now Ay + ;g > 1,
then in equilibrium g, = Ay2/(A1; + A2} = 0. If, on the other hand,
X1y + Az < 1, then in equilibrium oy = Ay3/(A21 + A2z} = 1. Note that
the payoffs to the follower are different in the two cases. Consequently
1o stngle outeome is approximated by the (outcome induced by a) mixed
equilibria of the game with (small) noise.

Still in the game from Example 2 there at least exists a closed (and
connected) et of outcomes that satisfies the definition of accessability
as o set.? While it seems possible that the existénce of such a set-valued
generalization of accessability may hold for all two-player games, the
next example shows that this is false in the general case.

ExaMpPLE 3: For a non-generic game I there may not even exist a sef of
outcomes such that every point in the set is supported by some subgame
perfect equilibrium of G and for every sufficiently small noise there is an
equilibrium of T(X) with cutcome close to the set.

Let T be the 4 player game in Table 3, where §; = {s}, s}, Vi €
N = {1,2,3,4}, u = (uy, ug, u3, uy), and ukb = u(sf, sg‘, O, VEk ke
{1, 2}.

{Insert Table $ about here.)

Define G by letting players 1 and 2 be the leaders, J = {1, 2}, and
players 3 and 4 be the followers, I = {3,4}. Then G has a single
connected set of subgame perfect equilibria where player 1 randomizes
between her pure strategies with probability between 3/4 and 1 on s!
and player 2 chooses s} with certainty, (o1(s)), o2(s1)) € [3/4, 1] x {1}.
The highest expected payofl that follower { = 4 can obtain in any of
the subgame perfect equilibria of G is 5/24. This set is part of a larger
connected component of Nash equilibria of G. Denote b3(s) | t) = z,
and be(sl | 8) =y, ¥t € T = {1, 2, 3, 4}, 01(s]) = o, and 62(s}} = o2,
and At} sf, s8) = A¢ 2era—2, ¥k, h € {1, 2}. The followers' conditional

2In a suitably modified definition of an accessible set of outcomes, of course, the
outcomes induced by equilibria of {1}, for A € int{A), need not converge. Only the
{Hausdorfl} distance to the accessible set would have to converge to zero.
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payoffs given type t € T are given by

VMo [ 1) =z,6u(oio3hn + (1~ a3 )2k + (1 = 02)Au)) ~

—g2(6o1 A + 5(1 — o YAp)] + (1 — wloz(Bar A + 5{1 — a))An),

Vo | 8) =ul(1 — 01002 Awa + 6{1 ~ 02)Aea) = 6z4(91 02 Au+
+A-a o2 dis + (1 — o)A )Y + 2o o260y Ay +5(1 — 1))

Inspection of these conditional payoffs reveals that against any strategy
combination of the leaders which happens to satisfy (o1, #3) € (0, 1]%,
except if oy = 1, followers play a “Matching Pennies”-type game. If
oy = 1 and g3 > 0, then 2, = 0 and y: € [0, 1] holds in equilibrium. In
any case (01, o2) € {0, 1]2, therefore, implies in equilibrium

- (1 — oy ){o2 iz + 6(1 — 02) i)
Bler oz da + (1 —o)(oz ha + (1 — o2)du] '

YteT.

It

Denoting X; = 3 o7 Ag; 21, ¥7 = 1, 2, 3, 4, the leaders’ payoffs can be
written

VMo) = o[l —202(1 - 3Xa) + o2(1 — 6 X3),
Vo) =4 (1 44X +1-16X,]~1— 40, —16(1 —0y) X,

If in equilibrium oy > 0 and Xy £ 1/1¢ would hold, then o; = 1
is the only optimal choice for player 2 which would imply z, < 1/6,
¥t €T, from the abave explicit formula for z.; but then 20,(1-3X;) >
2(1 — 3/6) = 1 implies that only a; = 0 is optimal for player 1 - a
contradiction. Similarily, if in equilibrium X; > 1/3 would hold, then
gy = 1 is player 1's unique best choice which implies that oz = 1 is
player 2's unique best choice wlich in turn implies z, = 0, V¢t € T
- again a contradictian. Thus in all equilibria with (ay, o3} € (0, 1}?
one must have X3 < 1/3 and X4 > 1/16. But this implies, from the
leaders' payoffs, that leaders are also playing a game of the “Matching
Pennies”-type with a unique completely mixed equilibrium.

Finally, if o3 = 0, then followers in equilibrium must play z, = 1
and y, € [0, 1], ¥t € T, implying that oy = 1 is the unique best choice
for player 1 and, therefore, ¢z = 1 is player 2's unique best choice,
contradicting the assumption o2 = 0. Similanily, ¢; = 0 in equilibrium
implies 7, > 1/6, V¢ € T, and, therefore, X; > 1/6, ¥5 = 1, 2, 3, 4,
which implies from 1 = 204(1 =3 X3) > 1 -3 that oy = 1if oy =0 is
an optimal choice; but at g; = 0 one has that 1 — 16 X4 < —5/3 implies

o3 = 0, a contradiction, It follows that ¢l! equilibria of the game I'(A)
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with noise have a “Matching Pennies” structure with respect to leaders.
All equilibria must, therefore, be solutions to the following system of six

equations:

6zfo) 02 der + (1 —01){a2 Aia +(1 — a2) )]
(1 —a1)frz A +6(1 —o2)A] =0, VteT,
4041 +4Z Aaze] +1- 162)‘14 ., =190,
€T teT

1-202(1-33 Az =0.
teT

The equation for o, implies that in any equilibrium oy < 3/4. Now
consider the noise structure

1-7e € g? £
€ 1-3¢ g? €
A=Ay ) perxr = . c 1- 3¢l . )
5¢ € g? 1-3¢

with £ > 0 sufficiently small. With this A the solutions to the above six
equations can be regarded as functions of £. For the outcome induced by
a sequence {{o{g), o2(€), (z4{€))reT)}~0 to converge to an outcome
supported by a subgame perfect equilibrium of 7 it is necessary that
7 {0} = 3/4 and 04(0) = 1. Clearly,

(1—01)[(1—362)02 *65(1—02)] - l
oot (1-3e)(1-o1)oa+e(l —al(l—oz)] -6

IJ(E) =

holds, where &; = oi(¢), ¥1 € I. But the limit of z4(€) as ¢ , 0 is in-
determinate, Now observe that the reduced system of {the three) equa-
tions for {(x3, oy, 07) at fixed values (2, T2, T4) = (F1, T2, £4) € [0, 1)}
has & non-singular Jacobian matrix with determinant 72(1 — o (0))(1 —
474)(4x3{0) — 1) = —24(1 — o1 {0}){1 — 454) # O at ¢ = 0, whenever
£4 # 1/4, and, therefore, has a non-singular Jacobian matrix at all suf-
ficiently small ¢ > 0 if &4 # 1/4. Hence, one can invoke 'Hospital's
rule to determine the limit of z4(g) as £ ™, 0. So again with ¢; = a;(¢),
Yiel:

(1 —o1)|e? s +6(1 — 3e)(1 ~ ¢3)] _
Seayaz + €4(1 — ay)oa + (1 — 3)(1 — o1 )(1 — o2}
_1-m©)_ —650) (1= 1 (0)4(0)

1
74{0) = g lim.~ 0

6 501(0) — (1 - oa(0)o3(0) {1 —01(0))3(0) - 51(0)
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Since the derivative at £ = 0 of a4{¢) is given by a5(0) = 625{0) and
74(0) = —01{0)/[6(1 — 01(D))], this yields

rroy = (@) _1
ay(0) = 1-a,(0) = 1,(0} = 6

But then from the equation for &,(z) it follows that

1624(0) =1

a(0) = S0 74

1
= 0'1(0) = 1
Since this viclates ;{0) = 3/4, the only equilibrium of T'(A} with the
above noise structure does not induce an outcome close to any of the
outcomes supported by subgame perfect equilibria of G.

In fact, the unique equilibrium of I'{}) with the above noise structure
does not even induce peyeffs close to some subgame perfect equilibrium
payoff. As ¢ approaches zero, the payoff to follower i = 4 approaches
15/24 = 5/8 which exceeds the highest payoff to follower 4 in any of the
subgame perfect, equilibria of G.

Finally, we return to the question whether all subgame perfect equi-
librium outcomes of G for a generic game I' might be accessible. The
final example shows that this is nef the case, even if there is only a single
leader in G.

EXAMPLE 4: With more than two players there may exist subgame
perfect equilibrium outcomes which are not accessible, even for generic
games [,

Consider the generic 3-player game in Table 4, where §; = {s!, 57},
¥i € N, and again u = (i, ug, u3).

{Insert Table § about here.)

The associated game G, where player 1 1s the leader, T = {1}, and
players 2 and 3 are the followers, ¥ = {2, 3}, has two subgame perfect
equilibrium outcomes, (s}, s}, s3) and (s?, 52, s}). (The payoff to the
leader from the mixed equilibrium in the subgame after s? is —5/14 < 0
and thus cannot be supported by {s}, s}) after s].) Again denote A, =
Mt|s]),Vi=12and ¥t € T = {1, 2}, denote =, = b(s} | £} and
ye = b3(s) {1 t), ¥t € T, and ¢ = &1(s]). The conditional payoff to
follower 2 given type ¢ € T s given by

1
V{‘{o | t) = z4fo dp + 5(1 — )z~ 291 — o)Aa]+
. 7 1
+y(3oAn + 5(1 —0)Aa)— 20 Ay — 5(1 — oz,
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and the conditional payoff to follower 3 given type ¢ € T is given by

3 9
VMo | t) =udo Aa + 5(1 — YA — Zx,(L — @)+

3
+I|(3U-\” - ;(1 - O))\ﬂ) —-2cin+ 5(1 - 0)/\12 .

What followers in equilibrium do given type t € T' thus depends on ¢ in
the following way: First, ¢ > 3 An/(2 Ay +3 hez) implies (24, ye) = 1,.1),
second, 0 = 3 A /{2 Ay + 3 X;) implies z, € [0, 1} and y; = 1, third,
33 /(4 A + 3)a) < 6 < 3 M /(2 + 3 An) implies (z¢, vi) = (0, 1),
fourth, & = 3 A /{4 Ay + 3 Ayg) implies either {(z, y¢) = (0, 1} or 7 = 1
and y: € [0, 5/8), and, finally, # < 3/(42n + 3 A} implies either
(z¢, ye) = (0, 1) or {z¢, y) = (1, 0) or

_ 40Af1+6(]“0’})\¢2 20’1\{1'{'(1“0’)*12) ‘
(e, v = A~ AHL— o)A

More compactly the structure of equilibrium behavior given type t € T
as a function of ¢ can be summarized by the implication

9 1
ye<l = msga-g.

Turning to the leader’s payoff, this can be written as

1
‘v'l.x(g) = J[Z A“(GJ‘( +4y. —Sl'gy:) - ZA,:(EI‘ +2y‘_
teT teT

t 4
_%Izy:)" 1+ Aalzze+ 2y gz - 1.
teT

If (s!, s}, 5}) is accessible, then certainly o > 3 A2 /(2 2 + 3A53)
rust hold, becanse otherwise sufficiently small noise, A = 1, YteT,
and Ay = 0, ¥j # t, means that ¢ converges to zero. Consequently,
(x4, 3 ) = (1, 1) must hold. If o would equal 1, then also (T2, yz2) wou.ld
equal (1, 1) which would imply V() = (1 —o)/6ora =0,2 contradic-
tion. Thus accessability of (51, s}, s}) requires 0 < ¢ < 1 and, therefare,
with (z;, 1) = (1, 1),

1 4
2)\11—2 /\12—1—('2')\22*6/\21)1‘2 :[2,\27_4,\2,7(5 Azz—8An)z2lye .
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If 2 would equal 1 this would imply 2 Az, —1+% Az +(% Mgz =22 )1, =
0 which is equivalent to z3 = (6 — 1222, — 5A:2)/(5Az2 — 1213,) > 1

which is impossible. Hence, y; < 1 implies y, < 31:, - % and, thercfore,

7 1
251 - 6)\12 -1 _(EAZZ —6An)Ts €[22 — 4 gy

4 9 1
—(g Az —3/\21)1:2]{512 -3
41

3 29
Aanid (5 Az — 92 )(z2)¥ - (ﬁ Aag ~ 5 Ap)To+

13
+2-4r - F’\IZ <0.

) =

The final quadratic expression is an upwards opening parabola in ;.
But, because (% Agp — % A )? - 4(% Az~ 9A)(2 —4 Xy — % M) =
—.326 < 0if Ay = 1, ¥t € T, the quadratic expression does not have a
real root for sufficiently small noise. It follows that for arbitrarily simall
noise there is no equilibrium with an outcome close ta (s}, s}, 53). In

fact the only accessible cutcome in tlis example is (52, 53, 5}).

CONCLUSIONS

This paper has shown that imperfect observability of commitments
need not necessarily eliminate a first-mover advantage in an extensive
form game: For every generic game there is an accessible outcame, inde-
pendently of how the player sel is split into leaders and followers. DBul
this conclusion depends heavily an generic payoffs. Moreover, the main
theorem of this paper is strictly an existence result in the sense that not
all subgame perfect equilibrium outcomes may qualifly as accessible.

The chalienge to pure subgame perfect Nash equilibnum by the in-
troduction of noisy observations is brought about by misguided beliefs
at information sets off the equlibrium path. The source of this mis-
perception on the part of followers rests with the solution concept: [f
observations on the leaders’ choices are noisy, but the umpire’s recom-
mendation is not, followers trust the umpire rather than what they sec.
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Table 1
(”i\; ”é\J hH f: f
321, (1,2)  {~1,0) (3o - Aps 229y}
51 (2, -1y (0,1 (2232, A2 = Ag)
Table 2
(w1, ug) 55 52
‘gi (Ov 1) (]= "‘])
51 (1! 0) (O! 2)
Table 3
u]” s} 52 ul? 51
5% (0! 01 0: 0) (01 0» 01 6)
s (0,0,0,0) (0,0, 6, )
u]ﬂ sl 82 1422 s
o (=5,0,2,0)(-5,0,0,5) ! (0,15.6,0
o (1,0,0.1) (1,0,50). s
Table 4
u(si, ) 51 s uls?, ) 53
5y (UI 21 2) (41 ﬁla 1) 5; 67 %:
53 (2,1, ~1) (-2, -2, -2) s3 ({

S
(A= Agp, 24))
(2412, gz - Ayz)

2
L}

K
s3 (1,-5,0,0) (1, -5, 0, 0)

s {1, -50,0) (1, -5,0,0)

52

54
) {0,15,0,0)

(0, -2,0,6) {0, —1, 0, 0)
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